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I N T R O D U C T I O N .  

Tcrrcstrial reflvctioll has usually been dealt with in survey operations by malting use of a 
' 

" coefficier~t of refractio~i " which involves the tacit assuniption that a .ray of light always is of 

J)  be computed. Thc formula: are developed in Chapter I, and iu Chapters I1 and 111 they 

the relation between refraction a~nd barometric and thermometric readings a t  two heights: 

precede Chapters B and 11. 

3luch remains to bc donc, but i t  is hopcd that further enquiries may be usefullp direetcd 
by the results herein obtained. 

Babu Jlul<u~~clannnda Acl~arpa of the Computing Office has'checked the equations of 
Chapter I and has done many of the subsequent computations. He  has also read nearly all the 
proofs, and I gladly take this opportunity to ack~~owledge the assistance he has rendered me. 

The difficulty of setting up mathematical forniula: in type is well-known. I am indebted 
to Mr. Sarat Kumar Mukerji for always having this morl; done with correctness and despateh. 

* 

Thc two panoramic vicms of the snowy range as seen from Mussooree have been produced 
from photographs by Mr.  Julian ltust of Rlussooree. 

DEIIRA DUN, 

28th August .2913. 
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NOTATION I N  CHAPTER I. 

p refractive index of air. 
p atmospheric pressure. 
T' absolute temperature of air. 

T virtual temperature ,, 
p density of air. 

6 see equation (8). 

AI, A,, A, see equatiou (10). 

g value of gravity. 
H barometer reading. 

I& J, ,, corrected, see Q 14. 
C see equation (5). 
C' see Q 20. 
B see equation (22). 

' K  ,, (21). 

P, Q ,, (19). 
Suffix o denotes value at base station. 
Suffix s denotes the standard value. 

a, Y, 8, c, +, +, X see Q 8. 

K height above base station. 

r radius of curvature of spheroidal surface through base station in azimuth of ray 
under consideration. 

R radius of curvature of sea-level surface. 
X see equation (32). 

Y ,, (33). 
26 - ,, (37). 
I distance at sea-level between normals through the terminal points of the ray, expressed 

in miles. 

c distance at sea-level between normals through the terminal points of the ray,, expressed 
in feet. 

w = wl + w, + . . = angle of refraction for adiabatic gradient. 

fl = fl  wl + f9 w, + . . = angle of refraction for any gradient, see Q 20. 

y ratio of specific heats of a gas, see equation (58). 

The symbol = iudicates ajproximate equality. 
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C H A P T E R  I. 

The formulae for Barometric Heights and for Terrestrial Refraction. 

1. Let p, T', p  be pressure, absolute temperature and density of the atmosphere at any 
point. 

Then if the air is dry we have 

When water vapour is mixed with the air in the proportion of m parts of vapour to  1-?n 
parts of air, we must replace C by 

C, = (1 - m) C + m C, 

where C, is the co~lstant for water vapour. 

Now from observatioxr we know that 
c , = g c  . . . . . . . . . . . .  (3) 

so that (2) may be written 
C, = (1 + 0 -Gm)  C 

If we put . . . . . . . . . . . .  T = (1  +Oe6?n)  i (4) 

then T is what is usually called tire virtual tem2erature1 and equation (1) may be written for 
moist air 

p = CTP . . . . . . . . . . . .  (5) 

'I'ables for T in terms of temperature and percexlti~ge hun~idity have been given in " Dyna- 
mic Rleteorology and H!-drog~,apl~y" by \ T .  Bjerlrxres, ~1uLlis11ed by the Carnegie institute of 
Washington, and tables 1 and I1 at the end of this chapter are based on them. 

Accordiugly we shall always co~rsider virtual tempel.atures aud so take the humidity of 
the ~rtmosplrere iuto account without any additional labour or complexity of formulae. 

2. As regards barometric heights in what follows we slrall be concerned only with 
differences of height of two s t a t i o ~ ~ s  at distaxrces mllich do not exceed the greatest visible terrestrial 
distauce. For snch distances i t  \\ill ]rot be uecessal-y to co~rsider the variation of ortl~ometric 
height between two level snrfaces. I n  other words we slrall, ur~less otherwise stated, consider. 
the section by a vertical plaue of therlevel~s)?rfaces to be conceutric circles. - - . -., ,,., 1 , - n-F.F.r ,r-" ,-, 



I n  the case of refraction i t  is  also ~lecessary to  assume that  the density of the air is 
constant over a level surface. The pressure of air a t  rest is of course constant over a level surface : 
so that  i t  follows from (5) that  tlle virtual temperatwe must also be constant over a level 
surface. This assumption of constancy of density is merely a statement that  there is thermal 
equilibrium ill a l~orizontal direction, ~ v l ~ i c h  must be correct \vlien there is  no  horizontal air- 
movement, except for air in separate valleys. I n  the case of refraction me have t o  
deal with a column of air i n  which thcre are no  l a r ~ d  obstructions, so that  the  assumption here 
practically reduces to assumillg that  the  air is a t  rest. Local winds arid eddies, then, make the 
most unfavourable condition for the assumption : a steady wind over thc whole spacc considered 
would probably vitiate the  assu~nption t o  a slighter extent. 

3. The condition for vertical equilibrium of the atmosphere a t  any point gives 

clp = - pg dh . . . . . . . . . . . .  (6)  

g being the value of gravity a t  the  point and clh an clcmei~t of height. Substituting for p 
i ts  value from (5) me havc 

np - = d l  5'0 9 1  - eT = - x . t J h . - . -  . . . . . . .  
P 90 7 

(7) 

where go is gravity a t  surface characterised by suffix zero. 

W e  shall put .'I 1 --  - - 0  . . . . .  
90 7 

and so get  

(1 log = - 0. (lh . . . . . . . . .  
C ' (9) 

4. As explained in 92 we shall col~sider T and g as ftinctions of the  height o l ~ l y :  thcn 
0 is also a f u l ~ c t i o ~ i  of the I~eiglits and npe shall accordingly put 

0 = 8, (1  + A, li + A , P .  .....) . (10) 

where A, and A, are constants a t  any particular time, which are to  be found by nieans 
indicated later on (- set! 9 11). 

I t  is now possible to integrate (9) and get 

Takitlg this between limits a ~ ~ d  me?suring height from surface designated by suffis zero we . - 

6 + 6, A h  A h "  ......... 
2 
- = 0, I + + + - + +  ( .. 2 ) 

ancl so me can write (12) - . . 

.) -.. . . - .  . 
. . 

This gives 
c A, 2n90, A ore,, ) . ( I + - .  - + -- Pa . . . . . .  

" % a  z& 6 ' 8 - t 0 ,  4 ' 0+0,"' 
loge 

2' . . 
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I t  will be shown later that the quantities A,, A,, A, may be obtained if we know the 
refraction: but in the first instance it is proposed to ncglect the As term and use equation (15) 
for the determination of A, in order to calculate the refraction. 

5. The approximate equation 

. c  2 
h =-. - log, % . . . . . . . . . . .  

'Yo 8+80 P 
(1 6) 

is practically the same as the ordinary Laplacc's form of cquation for barometric heights. - 
The change of gravity and of humidity is all included in the 8 term. The difference 

from the ordinary formula is simply that a harmonic mean temperature is used in place of an 
arithmetic mean. I t  may be mentioned in passing that Laplace (see Blkcanique Ckleste, Livre X, 
Chap. IV) took the arithmetic mean in his formula as being the simplest mean, and from this 
assumption he arrived at a lam for the diminution of tcmpcrature with height. I n  the present case 
i t  is proposed to make use of actual measurements of temperature and pressure. 

6. Differentiating equations (5) and (8) logarithmically and using (7) we get 

I dp 1 g 1 d ~  -.- = - - . - - - -  
p dh r C r d h  

and 1 ( ~ e  1 (IT -.- - ' . d s  - - . -  
8 d h -  g dh r dh 

1 ae dp -&-L.&+-.- whence -- 
p 'z= c g d ~  8 d h  (1 7) 

d3.q Now values of - are not available : and in any case they must be very small, so that we  
dh" 

d!? shall treat - as constant and write (17) 
dh 

where 

1 d8 I . &  = p +  Q B + - . -  - 
p d h  8 d l " " " " '  

Differentiating (18) we hive 

... Equations (18) (20) will be required later on. 
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7. The relation between tlre refraction of a gas aud its density is expressed by Gladstone 
and Dale's lam . . . . . . . . . . . . .  p -1=  K p  (21) 

where p  is tlie refractive index and K is a constant for light of one colour. 

The assumption of 4 2 that surfaces of equal density have circular sections gives us the 
usual formula 

p  (r  + h) sin (b = B . . . . . . . . . . . .  (22) 

in  mhich r+h is the distance from the centre of curvature of the section, (b i s  the direction 
rpeasured from the vertical, and B is a constant. 

8. I n  the figure let APB be the path of the 
ray of light from A to B. Draw the tangents 

ATx, P T at A and P. 

Let AO, BO be vel-ticals 
A 

and let PYX = 9 OA=r 
A 

TPO = @ OB=r+h 
A 

AOP = x 
Draw Ay perpendicular to Ax. 

Then if x and y are the  coordinates'of P 
and the curved distance AP is s, and if the radius of curvature 
a t  arly p o i ~ ~ t  is a ,  me have the well kriomn forrn~~lae 

d m  (Pa 
in mhich we have to give to a,  - - etc. the values they have at  A. 

tzs ' &" 

A 
The angle of refraction = PAX = tan -15 

. . . .  . . . . . .  (24) 

By (23) we have 

- ' 
5s3 da 

s da whence [ l  + ; . --& +...I 
:. Refraction angle 

A s da d2a 
PAX = - + -  . .  (25) 
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. . . .  

. . . a .  . . .  
using equation (22) 

From (21) ure have rlp = Ii. tip 

get 
1 A m * = { x ,  u ds + ~ ~ . * - ~ ( l o g ~ ) - ) c o s + .  p I (I/ /  . . . . . 

Differentiating (29) we get 

Ivl~ich follows at once from the differeutiation of (22). 
Otlier\~ise \re may put 

s ~ i e r e  1 = x cos + 
0 11s 

and by differ'entiating logarithmically we gct 

(PO 

. . . .  
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10. By means of equations (18). . .(20) and (28) .. . (30) or (34*) \re can substitute in equa- 
~ i e  rE?e etc. In tion (25) ancl obtain the refraction ill terms of certain known constants and - - 
rlh' dh2 

ordinary cases doubtless i t  will be sufficient to consider only the first two terms of (25). I n  any 
d8 (1"e case a ltnomledge of the quantities - - is required, and with this i t  is possible to calculate ~ l h '  tlllJ 

S and 1' using equations (32) and (38). 

The eql~ation (23) can then be mritteu 

A .s $2 K~ 
P l l s  = ;( 1 - - . .Scos+ + -. S'cos2+ ( ( 2 -  Y) +, Y X c o d  +...I . . (35) 

2 r  3 1, 36. l  

Phis may be written ill tlie simplified form 

mherc '76 = s cos +. S . . . . . . . . . . . . . (37) 

JVe will consider the several terms scparately. 

(sXcos+)~ 7/3 - -  First term = -- - 12 12 

The other terms arc 

- s2cos". I ~ S  .vS.s.siu3+ .(f.r!p 
-- -- and - 

12 tlh 12 tlh r + h  

Usiug C.G.S. nnits \re sce that .v cos + \rill uot exceed 1 0 h n c l  s sin + will not esceed 
8.107, siuce me have not to dcnl wit11 heights greater than 10G cm. aud rays longer than 2 . 1 0 7 ~ ~ .  

I< 1/p 1 
Also from (28) - - = - -- cosec + 

p 111% r 

Then when + is not very different from 90°, as is always the case in survcy operations 
I< 1lp - -- 1 may be talien uearly the samc as -. 
p CI/L 0- 

But it is a fact of all observations that the radius of curvature of the ray is ouly in exceptional 
I' 

cases as smal! as the radius of the earth ; for the quantity - is what is usually called the coefficient 
0- 

1 
of refraction. !Ye map accordingly take tlie value - = 1.57 x 10-W.G.S. as the upper limit of 

1' 

1 1 
the value of -. I n  cases where the ray is very close to heated ground, this value of - 

r o- 
may be exceeded : but in this case the value of s mill be much smaller than what we have taken. 

I 

We accordi~~glp see that &at the third term 

1 9 8'10" 1 - 5 7  x lo-!' (x n <- - - cosec + - 
12 r 
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The only part of this mhich need be kept accordinglp is 

d 
when -(log $) is large enough to make this necessary ; for we can see that the remainder d A 

is < R.10". (1 5719. 10-18 = 1.8.10-4, and on comparing this with the first term within the 
12 

brackets in (36) i t  is seen to be negligible seeing that me do not have to compute to  nearer 
thau 1 part in 1000. 

The remaining term is 
g2 (1X - cos2 $I -, and taking s cos + as less than 106 me see that this term is less than 
12 rZW 

in which the first two terms may neglected. Writing p= 1 in the t l ~ i r d  term we have as 

value of the term 

We may accordingly put 

It is also clear that me may use approximate values 

A' = 2Ir'- -- -- log - 
dB " dh  " (  2) 

Hence refraction angle is PA.c 

X being given as above in (32A). 
rzx /I2 

11. To find - involves the previous fillding of - log - CZW W 2  ( 2). This quantity in  turn 

depends partly on the value of gi)n. Apart from this we can proceed to  the follrth term 
U 

of the series (25 )  and (36) with lrnowledge of the values of - (" ("' and of no higher differential (ZW ' 
coefficients. I n  the case of rays going to a great height, we shall probably have no means of 

determining the val~le of (2) for each special case. I n  this case i t  map possibly be useful 

(138 
to estimate ( )  from the property of the existence of tlre isothermic layer, which has been 

0 

observed to  occur a t  a height of some 15 kilometres. This condition furnishes the relation 
(ze 
- = 0 £01. a certain value of h. d W  
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(10 ; , ( ~ e ) ~  - hs y e )  Differeiitiating 8 = 8. + B .  (-) + - 
( 4  0 1- //h? + a 0 

+ .  
and neglecting the higher terms, we get the approsimate equation 

( )  + 4 .  ( )  + (if) = 0 . . . . . . .  
(1h3 - 

where h, is the height of tlte isotliermic layer above tlie starting point of the  ray. 

'l'his equation together mith equation (15) and the readings of temperature and pressure a t  
two kuonrn levels give us the means of determini~ig the three q~iarltities 

12. I t  is to  be remembet.ed that although strictly speaking the values of ) etc. im- 
0 

ply the true values at  the starting point, yet to meet the practical case we can do no better than 
find an espression for 0 in the form given in (lo), taking only a finite number of terms-as 
many as we have the means of determining. Ttte law me deciuce will not be expected to truly 
represent the temperature changes with height, but will be the nearest we have means of ascer- 
taining without actnal simultaneous tetnperature readings at  nltmerous heights. Actual measure- 
ment may be feasible and useful for rays proceedil~g close to the ground when perhaps 
temperat~~res  a t  intervals of 10 feet might be measured up to  a height of 100 feet;  but, for the 
case of rays to  snow peaks or high mountains, probably the best course will he t o  set up 
barometers a t  the observation station and a t  some other point a few thousand feet (or less) higher, 

1 ne 
and determine the quantities A,, A,, A, cotlsiderit~g them as exactly equal to 

(&,.:$)), respectively, these quantities being evalnated as explained in 4 11. I t  is anticipated 

that the value of A, SO determined \rill only have an extremely small effect on the calculated 
refraction angle. 

13. Even in cases of rays close to t l ~ e  groutid, when the values of A, are likely to be 
larger, the formula (36) nlay he cspected to represent the refractiol~ by its first two terms, the  
higher terms being of small account by reasoil of the mys being short. For this case i t  
appears that several readings of temperatnre at  varions (low) altitudes, should be sufficient. 

14. ~b begin with nre shall only consider the first two terms of (36) and see to wltat 
extent these will account for certain obser~lecl refractions. 

I t  is first necessary to put in the values of the constants I<, p0, yo, C, and esprers the equation 
in terms of the uriits in which we intend to work. 

We first have to consider J, and n.c s1i:tll begin mith the C.G.S. system aud temperatures 
2m 

on the centigrade scale. 
We have 

. (28) his. 
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I n  Chwolson's Trait6 de Pl~ysique, Vol. I ,  pp. 414, 4-44 we find 
Weight of 1 e.c. of air at  standard = p s g = 1 0  - 6 x l S 3 1 8 4 g  gt~tlctr~~ . . . . 

pressure and tcmperature (331 

Standard pressure of 1 atmosphere = 1.0333 ~ I ~ ~ / C I I L ~  . . . . . . . . . (40) 
at O°C. and latitude 4,5", sea-level 

The suffix s will be used to indieate standard pressure, temperature, density etc., suffix 0 
being retained to indieate t l ~ e  values a t  the begi1111iug of the ray. 

The value of p i s  variously given. The r i~lue adopted for yellow light (D line) is 1.0002928 
for dry air. For moist air \re cilll afterwards apply a eorreeting faetor if this appears desirable. - 

Taking this value and making use of (39) we have 

Using W elmert's 1884 formula for g we hare 

where li' is the height above sea-level alld K is the radius of curvature of sea-level surface, so that 

R + i' = 9.. 

W e  also have 

UTe map treat p as always having the value unity exeept vhen me are coneerued with p- 1. 

Theu 
K 
- = 2 . 2 1 6  x ( 1  -0 .000293)  x 10' 
/*. 

= 2.2310 x 10" 
1 Then - - = f - . ? . ??~  x ~ 0 ? s i n ~ x 1 - 3 1 8 ~ ~ ~ ~ - ~ ( ~ - ~ . ~ ~ ~ ~ ~ ~ ~ - ~ ~ ~ +  - - 
a Ps ys 8 d i  

I 
= A1 and 8, = - 

To 

Let H,  be the corrected * barometrie reading a t  the statioll expressed in millimetres 
of mercury. 

Then - P - - - i60 HC : also H C  = - 'I"') 1v11ere H is the reading eormcted for 
2's 98 

temperature only. 
1 - = - - -  2 3 . 4 0 6 6 x 1 0 - 4  .yo . . 
a 

273 Hc x 2,221 x 1.3184 x 10- '.sin +(-- - 
T ' 760 T T - 5's + A , )  

. * For temperature of mercury, latitude and altitude (as regards grarit,y). 
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s W e  thus have - ; which is an angle expressed in radians. To turn this into seconds we 
2u 

180 x 3600 get 
multiply by 

IT  

15. From the figure of $8 we see that 

Also from AAOP, since OAP is equal to  + + a, being the rcfraction angle and + 
having its value at  A 

AP.  OP 
s i l l  = sin (+ + a) 

:. AP sin (4 + fl) = (r + h) sin X. 
sf3 x2 :. s(1 - - - )  (siu + + J2 cos 4) = (r + h) sin X = ( I  + :). 7X. (1- ...) ... (46) 
2'0- 

since is small. A very large value for 0. is 500" or about 1 bf 3 radian. For such 
400 

1 1  I 
cases + is nearly 90°, say 88') so that 0. cos + mill not be greater than - x - or - 30 400 12000' 

W e  neglect this in  comparisori with sin +. 
Also only in  very extreme cases u is as small as the radius of the earth : so that 

$0 s" 1 
< -- - - - 1 

x - for a ray of 100 miles, and we can neglect this also. 
24u2 24r2 ' 24 1600 

x2 For t.he same reason -- may be neglected, and equation (46) may be written in the approsi- 
6 

mate form 

where c is the  distance, measured at  the sca-level surface, between verticals through 
A and P : and Lj is the height of P above the sea-level surface. 

16. I t  mill be collvcnient for our purpose to espress (44) in the British system of units. 
Also c is conveniently given ill milcs while H is measured in inches and T on the absolute 

7 
Fahrenheit scale. The portion in the brackets is clearly of dimension --+- so that me can easily 

see that the equation R O W  becomes 
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I t  is to be noted that the value of A, is now to  be found in  British units : and 1 is the sea- 
level distance between A and B measured in miles. The expression contains only the ratio of 
gravity a t  observation station to  normal gravity, and consequently me may express g in any 
unit which is most convenient. 

1 .  When me come to deal with the actual value of A, i t  ail1 be found that in equation 
(48) the term it1 A, is seldolu more than one-third of the other term. To get an idea then of 
tlie magnitude of the refraction me take the expressiou 

slid putting H = 30 and 7 = 500 and I = 100 me find i t  is 588", that is 0.00285 radian. 
This is a very rou ih  approximation to  the refraction on a ray of length 100 milcs : in round 
numbers i t  is 0.003 radian. 

W e  now procced to consider the term -Ik of (36) and me have by (37) and (32) 
3 

76 1 I a rr {if - 3 = - - . s c o ~ Q ( ~ ~  3 + - -- - - log *) 
p A dA d,'c ' ' ' ' ' 

Now scos + is a quantity mliich can I~ardly esceed 5 miles, as i t  is approximately the A N  
of the figure of $8 where HAT is perpcndicnlar to OA; so that AN is less than the height of the 
highest mountain. 

Hence 
s cos 4 1 1 5  1 

3 ' T h  < 3 ' 4 0 0 U  < m . . . .  

Neat we have from (28) 
Ir (lp 
- .. 

1 
c=-- 

p { /h a sin + 
1 2K {lp s . 7 8 COS 4 .  --- - = - - 
3 

cot 4. - 
p ' dl& 3 ' 2a 

S aud me have just shown that - is unlikely to esceed 0 .003  
2 u  

1 :. s cos +.%. de is n~~merical ly  less than 0.004 cot 4. 
3 p t l l h  

Now a c  may assume for long rays, such as me are considering in arriving at  the number 
0.003, that + mill be nearly 90'. 

.TT 
Taking $ = 90' - 3" me get - .- 1 + = - 

3 20 

From (50) ancl (51) i t  is clear then that me may leare out of consideration 
1 Zd in evaluatinw -and not have an error of more than588"(0.0004+ 0.0002) 

a 3 
or #"'35. Such an error is inconsiderable. While ren~arlring that there is no difficulty iu taking 
account of these terms, if it is afterwards found desirable to do so, we shall for thc present neglect 
them and m i t e  
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18. From equations (18) a11d (20) we have a t  once 

1 .  
Also - 1 dB - 1 dze  

g 7 71 6, = A,, - - = 2 A, from (10) e clhJ 

1 Henee coilsidering that we are coricerlied with tllc second term of the refraction angle, i t  
will  doubtless be siitisfaetory to  ncglcet P i n  comparivo~~ wit11 Q e  ill  thc numerator of (53) and lie 
then get 

a 

1 
- 3 x 1 (2) + 5.007 

"(log$) = -. 
t l f l  7- 

. . . (54) 
1.8690 x 1 0 - ~ k  - 

5's 

This rnay be written with sufficient accuracy 

and the equation for refraction angle becomes 

1 I - - s eos Q, - (3.5 x - 5 . 6  x A1 r + 2Ag r2) 
8 7- I ' a *  (56) 

2 

Equation (56) may also be ~vritteu, replacing by unity ill the secor~d term, 
ga 

1 

(( 
t h  

- - 8 .  cos Q, 
l - 8 e o . l u Z  + ) i ) (18~9 .10- .+2$)  ; ) )  . . • (56*) 

. . .  3 -- 
7- 11h" 
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19. I n  most cases the valuc of tlic: second term of (56) is vcry mi~cb" smaller than th  
first term. '1'11~ rcfraction is aceordinglp least wllel~ t l ~ e  first term is least: that  is when Al ha 

The qreatcst tcmpe~.ature gr;~dicnt which is stable is the  adiabatic gradient, wllic! 

y being the  ~vcll lrnon.11 ratio of specific l ~ c a t s  of a gas. 

Wi th  this gradient of temperatare, if we take unit  volume of air a t  sea-level ant1 g a r  

t o  any height, withozct allozui~~g it l o  yain or lose heat, it will alltomaticaily adjust i ts  t 
and presslire to  that  of t l ~ c  sllrroundillg air :rt the given height. I f  the tempcl.atnre fa1 
quickly than by the adiabatic gradient, \rfc sliollld fil~tl tllat tlic air, 011 adjusting its p r m  -9 
the upper lcvcl, woold have too high n tcmpci~ati~re and eoiiseqncntly too low ;I deilsity. 
l.esult of this is that  t l ~ c  air \rill rise by itself, aiid i t  will e o i ~ t i l ~ l ~ e  to do so uiltil t.hc :rdi{ 

is att;tincd, if sufficiellt tiinc bc give11 : that  is to say convection \rill be set 111). 

I f  the temperature falls less q~iicl<lp than 1)y the adiabatic gradient the tcndel~c? 1ro111 
fo r  tile air to sink : but  this tendency is ~ ) r c v c ~ ~ t c d  by t l ~ c  earth, and the only way ill 
temperature equilibrium call be ~.eaclicd is by cond~lct io i~ ,  ~ v l ~ i c h  in air is n vcry slow prwess. 

Tlie diurn;il vari:~tion in radiation intervenes before the col~duetive adjus tmei~t  of tern], 
ture can .be eomplcted. 1 

I t  is to be illferrcd, then, that  when tlic lower layers of the atmosphere are lieatcd 
radiption f rom the eartli tliere will hc a tendency for the adiabatic gradient I~eing irttnilied: it 
,,lay nlorncntarily l)e exceeded, but this can only occur locally, and I I O ~  tllrough great raiiges of 
height. 

W e  may accordingly consider trae miltimum r~:fraction to oecilr when thc  
gradiellt is adiabatic: ,but we must not expect that this minimrim will always be attained. 

20. For the adiabatic statc we have as stated above 

p = C'py 

whel~ee using (5) we get 



(E7 C' '-"p - = - (y - I). p 
( 2 / b  C 2z 

C ' v-1 1 = - -c. (y - 1) p . F. (5 + 2) 

-2 - -- 0'408 x 1.869 x 10 fi in British units 
1.408 9s 

. . .  = - 0.005429" degrees Fahrenheit per foot. (61) Ys 
Usi~lg (61), (57) and (56) me get 

True mininlum refractior~ angle 

d07 ncglccting 27"A, - A14 which vanishes if tlie gradient is strictly adiabatic: for in this case - = 0. 
rZh" 

Wc shall sec latcr to what cstcnt this forn~ula  accords with the observations at  times of 
so-callcd "~ninirniinl refraction". 

Denoting the minimum refraction anglc by o wc may write (62) 

-3 8 COS 6) 
and o , =  - 2 . 6 2  x 10 .-- I COD' 4 . 0, = - 13.8 ---. 0, \ 

T 7 

?'he general formnla may be written 

a = f l u 1  +J,03 . . . . . . . . . . . . . . . . . . .  ($4.) 
' 

I a869 - a 
wherc $, = (1 .869-a)  (1 -869-9a) 

,A2 = (-- - lO4!!?) x A] 1.327 dh3 1 -042 
d7 . . (65) 

arid a = - lo2. - . . . . . . . . . . . .  
dh 

7 $7- 
Valucs of f l  andf, + 6 arc givcn in tablc 111, where - i04 z2 = h,  corresponding to 

1.042' 

c.7 7 varidus valucs of lo2 - = - a. I t  is to be notcd that - = 500 when 7 = 521 which co~.responds 
dA 1.042 

d2r to ordinary temperature 62'-a very usual temperat~ire:  so that b is approximately 5 x 100 - 
dh2' 
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Henee 6 may be regarded as the  excess in  aetual temperature a t  a height 1 0 ~  = 3162 feet, 
(iE tempe'rature a t  base is 62OF) over temperature give11 by the gradient al tile lower slation. T l ~ e  
excess a t  6000 feet is 2.5 6. 

Correelion for ~ i r l u a l  lenzperalure qf sakrc~ted  air in d ~ g r e ~ s  PaAreniieit, tire pressure being gicen 
in incites of mercury. 
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0 
10 
20 
25 

30 
38 
3 4 
3G 
38 

4.0 
42 
44 
4.6 
48 

50 
G Y  
64 
66 
GS 

GO 
C2 
64 
(; 6 
C 8  

70 
72 
74 . 7G 
78 

80 
82 
84 
8G 
88 

90 
98 
94 
9G 
9s 

100 

0.7 0.6 0.5 0 .4  0.4 0 .3  0.3 0.3 0.3 0 ' 2  0 ' 2  0 ' 2  

I . I  0 .9 0.8 0.7 0.6 0 .6  0 .5  0.5 0.4 0.4 0.4 0.4 
1 . 9  1 .6  1 . 3  1 ' 2  1 . 0  0 .9  0.9 0 . 8  0 . 7  0.7 0 .6  0.6 
2.4 2 . 0  1 . 7  1 .5  1 . 3  1 . 2  1 . 1  1.0 0 ' 9  0.9 0.8 0.7 

3 '1 2.5 2 ' 2  1.9 1 '7 I ' j  1 '4 1 '3  1 ' 3  1 ' 1  1 . 0  0 ' 9  
3 '3  2.8 2.4 2 . 1  1.9 1'7 1 ' ;  1 '4  1 '3 1 ' 2  1 . 1  1 '0 

3'7 3 ' 0  2.6 2.3 2 . 0  1 ' 8  1.6 1.5 1 '4 1 . 3  1 .2  1 . 1  

4 '0  3 2.8 2.5 2 . 2  2 . 0  1 '8  1.6 I 1.4 I 1 ' 2  

4 '3 3 '6 3'1 2'7 2'4 2 . 1  1'9 1.8 1.6 1 .5  1.4 1 ' 3  

4'7 3 '9 3 ' 3  2'9 2 . 6  2'3 2 . 1  1 . 9  1 . 8  1 . 7  1.5 1 . 4  
5.1 4 '2 3 ' 6  3'2 2 .8  2'.i 2 .3  2.1 I 1.8 1.7 1 .6  
5'5 4 '6 3 '9  f ' 4  3'0 2'7 2'5 2'3 I 2 ' 0  1.8 1'7 
6.0 5.O 4 ' 3  3'7 3.3 3.0 2'7 2 '5 2 ' 3  2 ' 1  2 .0  1 '9  
6.5 5.4 4 '6  4 ' 0  3 '6 3 '2 2 '9 2 '7 2'5 2.3 2 . 1  2 ' 0  

7.0 . 5.8 5 '0  4'4 3.9 3 . 5  .Z 'Z 2.9 2 . 7  2.5 2.3 2 .2  

7.6 6..z 5.4 4 '7 4 '2 .z.8 3.4 3 . 1  2.9 2.7 2.5 2.3 
8.2 6.8 5.8 5.1 4.5 4'1 f ' 7  3.4 3'1 2'9 2.7 2'5 
8.9 7 '4  6 . . ~  j ' j  4 ' 9  4'4 4 ' 0  3 3 '4  3 . 1  2.9 2'; 
9.6 8 .0  6.8 5:9 ja.3 4 '7  4 ' 3  3 '9  3.6 .3'4 3.2 3'0 

8 .6  7.3 6.4 5.7 5.1 4'6 4.2 .z'9 3.6 3.4 3.2 
9 . 3  7.9 6 .9  6 .1  5'5 5 '0 4.6 4 '2 3.9 3.7 3.4 

10.0 8.5 7 6.6 5.9 5 .4  4.9 4'6 4.2 3.9 3.7 
10.7 9.2 8.0 7.1 6 .4  5 .8  5.3 4.9 4.5 4.2 4.0 
1 1 . j  9 .9  8 .6  7.6 6.9 6.2 5.7 j 4.9 4.5 4..3 

9 ' 3  8.2 7.4 6'7 6.2 ; 5.3 4.9 4.6 
1 0 . 0  8 . 8  7.9 7.2 6.6 6.1 5.6 5.3 4.9 
10.7 9 '5 8.5 7'7 7 '1 6.5 6 .0  5.6 5e.z 
11.5 1 0 . 2  9 .2  8 . 3  ; .G  i ' o  6.5 6.1 5 '7 
12.4 10.9 9 ' 9  8 .9  8.2 7 . j  7.0 6 .5  6.1 

10.6 9.6 8 .8  8.1 7.5 7.0 6.5 
11.3 I O ' . ~  9 .4 8 '7 8 ' 0  7.5 7.0 
1 2 . 1  1 1 . 0  10.1 9.3 8 . 1  8 . 0  7.5 
13.0 11.8 10.8 10.0 9.2 8.6 8 .1  
13.9 12.6 I 1 . 6  10.7 9 9  9.2 8.6 

13.5 12.4 I 10.6 9 ' 9  9 '2  
14.5 , 1.3'2 1 2 ' 2  I 10.5 9.9 . I 14'2 1 1  1 2 ' 1  I 10.6 
16.6 15.1 14.0 12.9 1 2 . 1  11.3 

7 .  15.9 14'8 13.8 12.9 

Example:-If t - 60, 3Z = 30. humidity = fu, then virt,ual temperature = GO + 2 . 3  u,. 



17 
TABLE -11. 

Correction f o r  virtual tenperature of satarate(2l air   it^ degrees Cewtigrade, IAe prcaactre beiitg gice~z 

i n  ?nilli~)ietres of tnerczcry. 

TABLE 1x1. - 

Te~liper- 
atilre 
CC.1 

-15 - 10 - 5 
- 3  

0 
1 
2 
3 
4 

5 
ti 
7 
8 
9 

10 
I  I 
12 
1 3  
14 

15 
16 
1; 
1 S 
19 

20 
21 
22 
23 
24 

25 
2(; 

Pressure in  ~nil l in~etres of ~uercury 

260 300 360 4 0 0  450 500' 550 600 650 $00 760 800 

o'.; 0.4 o..? 0 '3  0 .3  0.2  0 ' 2  0 ' 2  0 .2  0 . 2  0 .2  0 . 2  
0.8 0.6 0.6 0.5 0.4 0.4 0 .4  0 .3  0.1 0.3 0..3 0 . 2  

1 . 2  1.0 0.9 0.8 0 .7  0.6 0.6 0 . j  0.5 0 . 4  om4 o . ~  
' 1.6 1 ' 3  1 ' 1  1 '0  0.9 0 .8  0.7 0.7 0 .6  0.6 0 . j  0 . j  

1 . 9  1 . 6  1 '3  1 ' 2  1 ' 0  0.9 0 .9  0 .8  0.7 0'; 0.6 0.t) 
2 . 0  1.7 1 . j  I 1 . 1  1.0 0 ' 9  0.8 0 .8  0.7 0.7 0.6 
2 ' 2  1'8 1 '6  1 '4 1 ' 2  1 . 1  1.0 0.9 0.8 0.8 0.7 0 . 7  
2'4 2 '0  1.7 1 ' 5  I 1 ' 2  1 ' 1  1 .0  0 ' 9  0 . 8  0 . 8  0.7 
2.6 2 . 1  1.8 1 ' 6 ' 1 - 4  1 ' 3  1 . 2  1 . 1  1 .0 0 . 0  0 .8  0.8 

2'7 2.3 2 .0  1'7 I 1 . 4  1 . 2  1 . 1  1 . 1  1.0 0 ' 9  0 - 9  
-3.0 z..; 2.1 1 ' 8  1 . 6  I..; 1..3 1 . 2  1 . 1  1 . 0  1 . 0  0.9 
3.2 2.6 2.3 2 ' 0  I 1 . 6  1 .4  1 ' 3  1 . 2  1 . 1  1 ' 1  1'0 

3 '4  2.8 2.4 2 . 1  1 . 9  1.7 1.5 1 .4  1.3 1 . 2  1 .1  1.1 

3 '7 3 '1 2.6 2.3 2 .0  1.8 1'7 1 . j  1 . 4  1 . 3  1 - 2  1 . 1  

3 '3 2.8 2'5 2 ' 2  2 . 0  1.8 1.6 1.5 1 .4  1 . ~ 3  1 . 2  

3 . j  -3.0 2 '6 2.3 2 .1  1 . 9  1.8 1 .6  1 .5  1.4 1.3 
.3.8 3.2 2.8 2.5 2.3 2 - 0  1 . 9  1 . 7  1 '6 1.5 1 . 4  
4.1 3 '5  3 ' 0  2.7 2.4 2 ' 2  ' 2 ' 0  1 . 9  1'7 1.6 I.,; 

4 '3 3'7 3'2 2.9 2.6 2.4 2 2 2 . 0  1 '8 1'7 1 .6  

3.5 -3.1 2'8 2.5 2'3 2 . 1  2 . 0  1 . 8  I . ;  

3'7 3 ' 3  3'0 2 '7  2 '5 2'3 2 ' 1  2 ' 0  1'8 
4 '0  3'.; 2 2.9 2.6 2'4 2'3 2 . 1  2 . 0  

4 ' 3  3 . 8  3 '4 . I  2 '8 2'6 2.4 ?'.3 2.1 

~ ' j  4.0 ~ ' 6  3 .3  1'0 2.8 2.6 2'4 2.3 

4 . 3 .  3 ' 9  3 '5  3.2 3 ' 0  2.8 2.6 2.4 
4 '6 4 '1 3.8 3.4 3 .2  2.9 2.7 2.6 

-, : 4 '9  4 '4  4 ' 0  3'7 3 ' 4  3'1 2'9 2'7 
5 . 2  4.7 4 ' 3  3 '9 3 ' 6  3 .3  I 2'9 
j . 6  j .0 4 .6  4'2 3.8 3 ' 6  3 . 1  3 . 1  

5 ' 4  4'9 4 ' j  4.1 3.8 -3.6 3.3 I 5 '7  5 '2  4 '7 4 '4 4 '1  3.8 3 . 5  
27 
28 
29 

30 
31 
3 3 
33 
34 

35 
36 
37 
38 

6 . 1  5 .5  5 ' 0  4 '7 4 ' 3  4 '0 3 '8  
6 .5  3.9 5.4 j . 0  4 .6  4 4.0 
6 .9  6 . 1  5.7 5.3 4 ' 9  4.6 4 .3  

6.7 '6.1 5.6 5 '2 4 '8  4.5 
; ' I  6 .5 6 0  5.5 5.2 4 .8  
7.5 6 .9  6.4 5.9 5.5 3.1 
8 .0  7 '3 6.7 6'.3 5.8 5.5 
8.5 7.8 7.2 6 7  6.2 j . 8  

7.6 7 . 1  6.6 6.2 
8.1 7 . j  7.0 0 .5  
8 ' 6  8 . 0  7.4 6.9 
0 . 1  8 .5 7.9 7.4 

39 ( 9'7 9.0 S..z 7.8 

40 w-7 10 .2  9 . j  8.8 8 . 3  



KOTATIOX IS CHAPTER 11. 

distaltce at sea-level hetween r~ormals tlirougl~ the terminal points of tlic my, kP 
i n  miles. 

dista~rce at sea-level l)cttvcer~ uorrnals through tlic terminal points of the ray, cxp 
in feet. 

length of ray, expresxd i n  feet. 

lreiglit of station 13 above A. 

l~e ig l~ t  of statior~ 11 above sea-lcvel. 

radius oE c~irvatiirc in azimuth of ray. 

I< + /I,. 
priricipal rndii of c~irvat~rre  of spl~croid. 

rectangular coordinates of any point rcfcrred to origin at Nojli, e-s 

absol~ttc oirl~cnl tcnll~cratr~re. 

T - 459.4 = ri~tttdl tedperstllre, Fal~renlreit. 

barometric pressure in inches of merear?, corrcetcd for tcmpcrature of 

lieigl~t of instr~irncnt above statiolr A, exprcsscd in k c t .  

l~eiglrt of sigi~al above station R, expressed in feet. 

plnmb-line deflectiorrs at A towards H, and at I1 towards A. 

angles of elevation at A and H of t l ~ c  straight line (chord) AB. 

observed angle of clevation. 

eorrectiori to E to allo\v for I and S. 

E + dIi + 6. 

azimutli of statiori fl at A, measured from south. 

components of' plumb-line deflection towards east and north. 

,, values of o, and w, corrcspondiug to E,, Ho, 7 , .  
value of g nt observatory station. 

value oE y at sea-level, latitude 45'. 

percentage Ir~imidity. 

angle bettveer~ normals at A a r ~ d  B. 

the error i l k  rneridional plumb-line deflection assumed in  table V. 

.f, - 1. 

f.J - 1. 
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CHAPTER II

The relative heights of Shaw's Refraction Stations.

1. During the years 1905-1909. Mr. H. G. Shaw of the Survey of India, made numerous

observations of the vertical angles between the stations Nojli, Dehra Dun, Mussooree, Nag Tiba and

some of the Himalayan snow-peaks [tee Professional Paper No. II). These observations are

very suitable for testing the formulae (68) and (fio) found in Chapter I. The first three stations

have been connected by spirit-levelling, and so it is possible to compare the heights as found by
vertical angles with those found by spirit-levelling. The spirit-levelling would give a means of

deducing the true angle of elevation were full particulars of the plumb-line deflection known :

and then a comparison with the observed angle of elevation would give the difference due to

refraction. However as will be seen later we can only estimate roughly the influence of irregular

plumb-line deflections, so that the comparison does not in all cases give the information sought

for with sufficient accuracy.

In computations of the Survey of India it has been customary to refer trigonometrically

determined heights to the spheroid of Everest. While continuing this, we shall consider that

the theoretical level surfaces at various heights are related to the Everest spheroid in such a way
that if R is the radius of curvature of the spheroid in any azimuth, then R + h is the correspond-

ing radius of curvature of the level surface through a point at (orthometric) height //, thus taking no

cognisance of the variation of orthometric height between two level surfaces. The variation is too

small in the length of a terrestrial ray to have a sensible effect on the observed angles: and its

inclusion would be an unnecessary complication. "We also neglect the effect of change of cur-

vature of the level surface along the projection on the surface of the ray of light : and thus

measure heights from the circle of curvature instead of from the actual elliptic section of the

Everest spheroid.

2. Let r be the radius of curvature of the theoretical level surface through A, the obser-

vatory station, in the proper azimuth ; and let a be the angle of elevation of B, that is the

observed elevation truly corrected for refraction : and let X be the angle between the normals to the

spheroid of reference which pass through A and B. Then if h is the height of B above A we have

from A OAB, being the centre of curvature,

jL±l. m *— mcos a cos (a+ X-)
v '



c being the are or cl~ord at  sea-level between the nornlals tlirougl~ A aud B :  the differell 
between tlie two being too small to have all appreciable effect 011 our work. I 

and 

end 

I also 

log eosec 1" = 5.3144<'!51, wllieh eaable 11s to compute X ill sceonds. 4 I t  has beell usual in tlic Survey of India in deducing l~eigllts from t l ~  vcrtica u 

of lay, to treat r as the same for all aziniuths: but this is llot suficic~itly appros 
aiid sliould be diseontiai~ed. I 

If the azimutl~, rneasl~red from south, is A,  tlle~l 

1 cos" si112A - = -- + - - .  . . . 
I< P v  

~v\.lrerc o and Y are the nrineiual radii of earvatui*e of the sea-level s111ieroid.- 

- is very nearly 
v  

the 
v  p - - v  

A -- being a s~nal l  qunntit ' p + v  

#d .G 

with accuracy sufficic~~t for tlie present purpose. 

For use in what follows table I V  is give11 : 

I 
'L1ABL1",V. 

,p, \re map put 

Latitude - p + v - p-v 
eoo '100 

0 I 

29 50 208872 -524 

30 0 208 876 -522 

30 10 208 879 -520 

30 20 208 883 -519 

30 30 208 886 -517 

30 4.0 20s 890 -515 

30 50 208 893 -514 
C 
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If we wish to find a we have from (66) 

( r  + h) cos X - r 
tan a = 

(.r + R) sill X 

- r - -  eosec X - tan :- . . 
T + / L  ' n 

in which the value of X found from (6'3) may be used. 

3. I n  the ueigl~boiirl~ood of the Himalayas large deflections of tlre plumb-lit~c have beell 
observed. Here the geoid level surfaces separate from the spheroidal surfaces to  a considerable 
esteut. The absolnte amonnt canuot wcli be determined; but the increase or decrease mhieh 
occurs iu  the separation between atljace~lt stations can be estimated-the estimation being better 
and better as me have more deflectiou data. 

A t  any point P let tlie eon~pouents of deflectiou be f 7 measured towards east and north 
respeetivelp: arid let (x, y) (s+dv, y+rty) 1)e the reetangolar coorcliuates, referred to axes 
along a parallel and a meritliari, of l'arid the itdjacel~t poiut P'. 'L'hen in passing from P to P' 
the geoid separates from tlie spheroid by an amount e (1.t + 7 fly 

I~i tegrat ing lye get Ah the rise I~etwecn any two points 011 a level surface 

'1'0 apply (72) we want to know the surfme values of f arid 7 a t  as many poiuts as possible. 
points ~vhere  f aud 7 are linomtr are eornparatively speaking few in llulnber we shall use 

lalues of e a ~ i d  7 at both ends of each element. 

Chart No. I shows the deflections which have been observed in tlie district with whieh we 
are dealing. The tleflectious in lougitnde are not known at so many places as the deflection in 
latitude: but by assumiug tlie direetiou of the resultant deflection to vary smoothly ovcr the 
distriet, we interpolate certaiu values. 

4. W e  shall now estimate the rise in the geoid over the spheroid l~etmeen Nojli and 
31ussooree. I t  is certain that the geoid is above the spheroid at  Nojli but as we are concerned 
only with relative lieiglits, mc )iced not pay any attenti011 to  that fact. We follow .the line 
Nojli-A-Dehra-R;Tjpur-Alnssooree aud tabulate data in table V. 

a and y are given i n  miles : f and 7 in seconds ; values of f and found by interpolation are 
included iu  brackets ( ). 
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Y 

o 

19.4 
30'1 

35.7  
3 9 - 2  

E 

( 8 - 3 )  
(17 .8 )  
22'7  

(32.8) 
28.2 

2 3 ' 5  

- 

Nojli ... 
A ... 

Dehra . . . 
Rajpur ... 
Xfussooree ... 
Nag Tiba .. . 

11 

1 3 . 6  

29.0  

3 7 ' 5  
4 7 . 7  

36.5 

(3 2) 

x 

o 

15.6 

23'7 
26.1 

24 .3  



Using (71) and taking mean values of 8 and T,I in cach clement we get 
26.1 4.2 . (i 

Rise in element Nojli-A = 15.6 x - + 19.4 x --;- = 204 + 413 = 617 
2 .w 

4 0 . 5  66 .5  
A-Dehra = 8.1 x -- 9 + 1 0 . 7  x 7 = 161 + 356 = 520 

n L 

'l'l~ese 11uin11ers liave to be m~~lt ipl ied by 5280 = .0256 to rct111ce tlie resilIts to feet : 
180 x 3600 

aftcr wliicli they become 15.8, 13.3, 7 . 8  and 2-4 feet respectively, wl~encc 
tlie rise of tllc geoid at  Dclira = 2!).1 ft. + rise at  Nojli 

> 9 )Y ,, Hiijpiir = 36 .9  ft. + ,, 9 9  

J l  y Y  ,, J I~~ssoorec  = 39.3 ft. + ,, ) I  

I t  will be seen that tliese results are liot snsceptible of 11igl1 accuracy. 1Ssl:ccially ill the 
sllort line Dehra-1t;ijpur-Mussoorec wliere the latitude defiectio~~ e11:uiges from 37 5 to 47.7 aud 
bnck to 3G.5 ill less thau 1 0  miIcs, is this tllc case. We hnvc 110 means of knowing wherc the 
maximum cleflection occurs : or wlint its n m o ~ ~ n t  is. .Perhaps a more dctailed es~miiiation ~vould 
rcvenl n spot where the latitude tlefleetion is co~~sitleral~ly grcatcr than that wllieh lias been found 
a t  Ksjjl'ur. Tile f:ict, wIiic11 is arrived a t  later iu $ 11 t l ~ a t  t l ~ c  height of 3fussooree above Dehrn 
as found by vcrtical anglcs csccedx tliat fo~ilid by spirit-levelling by 2 fcct, taking tllc rise 
of splieroid betweei~ Mussoorec and Dehm to be 10.2 feet as cornpi~tetl above, suggests that 
the mean deflectioi~ on this line is some 8" larger than me have take11 i t  to be. I t  is hoped that 
wc shall so011 Iiavc atlditional observation data a t  intermediate points, wlliel~ will clear 1111 this point. 

5. Table V I  gives some data regartling thc points mitli wl1ic11 we are concerncd. 

'I'AH:LE V'I. 
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No. 

1 

2 

3 

4 

5 

G 

7 

8 

9 

10 

11 

* Hei-oht eivcn in Synoptical Vol~l l l~e YXSV,  delermined by triang~~lution. t Bnronreler stution. 

h'mne of Sttllion 

-- 

Nojli ltcfraction Station 

Nojli Tower $7  

Delira I)u~i l tef~i .  ,, 
Rlussoorce ,, ), 

,, Abbotsford l3. S . i  

,, Castle B. S.t 

Nag Tiha h. s. 

13andarpunch ... 
Srikanta ... 
Jaouli v .... 
Icedarnat11 ... 

Longit,nde 

- 
0 

7; 4A 25-30 

77 40 24.59 

78 3 23-04 

78 4 17.66 

78 g 9-57 

78 33 17'  I 

78 48 22. o 

78 5 1  25' 4 

7 9  4 7 . 0  

01.t1111111et ric 
spirit-lercllecl 

I ~ e i g l ~ t  

I 

1 
* - 
0 1" s ,- 

I iij 
u 

, I 

Lutiludo 

- -- 
feet o r 

886.7 1 29 53 21'57 

937.0 

2234.3 

6929.!3 

6G82-4 

6890.4 

9915" 

207203;- 

20120" 

BITGO" 

22770* 

29 53 27.76 

30 19 28.j2 

30 27 40.38 

30 33 11.09 

31 o 1 2 .  I 

30 57 2j. 2 

30 51 1 7 .  4 

30 47 53.0 



23 
/ 

Table V I I  gives tlie distances in miles (in italics), the logarithms of the sea-level distnnees 
expressed in feet between the several points, and the azimuths a t  station A of the lines. 

'FABLE V I I .  

I Station A 

St.ation I3 I o i  8 .  Nojli Tower Dehra Dan R.S. blussooree R S. I 

55. SO9 55 812 
Nag l'i ba ,, 5'4693,38gr1 5'469361 7 

210' 45 31 210' 46' 1 5 ~  

, 

, 

99- SO0 99. SO:? 67.380 55 .474 46.498 
7 Srikanta* 5.7217645 5.7217874 5.5176761 5.4667208 5.3900718 

222' 20' 42" 222' 21' 5" 225' 30' -59" 231' 48' 58" 236' 32' 8" 

I I I 

*Snow peak. 
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37.648 
5' ~ 9 8 3 7 4 % ~  
37' 36' 54 

2 Nojli Tower ,, 
0.012 

1 '8153~37 
107' 4' 23O 

45.931 
5'384738 1 
31' 20' 23N 

... 
55.812 

5'046936 1 5 
31 0 44 



G. IVc now proceed to find the angle a (.we 552) for the cascs Nojli-M~~ssoorcc ant1 Dehra- 
Mussoorcc making IISC of equation (72) and the diffcrc~ices of hcight obtained by spirit-levelling 
corrected, as far as possible, for irrcgnlar deflections of thc plnmb-line. T l ~ e  computation is 
as follows :- 

- - 

Nojli R.S. Ilehra H.S. 

Azimuth of blussoorce 
-- t- ... 2 1 1 ~ 7 ' 2 9 "  185°29141N , 

11/100 for this azirnetl~ Ly (71) ... 1 208630 
' 

2083 74 
log It .. . ... 'i'3193i68 7.3188435 
l o g c  ... ... 4.6982573 - 1 :384;096 , C - 

I 
106 sin x = log -( .we It (09)) n.0653328 3.3794138 I 

log log +- ii ( r  + /L 

log h / ( r  + 11) ... 
log sill ... 

- .. - 

log h/(r  + A)  sin X .. . ... 
7 

0 . 0 9 4 ~ 3 9 4  

tan X -  ... 
2 0~0058116 0.001 1977 

,'L 
tan a = -- - cosec x - tan-:- 0c.192614 r + h  w 0'093041 7 
a . . . ... . . . 

I n  the last line a' is the value of a at .iifussooree to Nojli and Dehra respectively. 

7. Let E be the ohserved elevation of station B from station A, 6 the plumb-line deflec- 
tion a t  A towards B and K! the  angle of refraction. 

Then 

whence 



Using table V we form table VIII. 

TABLE VIIT. 

S t a t i o ~ ~  - 6 6' 6 - a  6' - a' 
h 13 -I -- 

Nojli BZussooree I j" a g - 46f l .  1 - l o  5' + l o  45' 23"'9 

Dehra JIussooree 39".6 - .?g'" I - jO I 8' 16".5 +jO 26' 31". I 

6' is tlie value of the deflection r ~ t  illsa.soorce towards Nojli and Dehra. 

8. W e  will now apply (G3) to the deterniiiiation o f  ~i/iniritlcm refrncl io l~ in the  ease of 
Mr. Shaw's observations betmeeii Nojli, Dehra a i d  3lussooree and will eornpare tllc reEraction 
computed in  this way 1~4th tlie values obtaiiial~le froin (73). 

In  the first ease wc will use the mean reslilts of eael~ season. lh-om time to tiwe the 
heights of thc tlieodolite ant1 of tlie siguals were changed, so that i t  will be convenient to express 
these Iicights in terms of the angles they subteud, and then apply these angular eorrectioiis to the 
observed elevations. If we deuote tlie heights of the iilstr~imeut and of the signal by I and S 
respectively aud express the results ill seeonds of are, we liave 

I - S  . . . . . . . . . . .  . tlE = - cosee 1" (74) 

aiid in tlie case we are eoiisidering 
ilE = (I - S) 0".851 for Nojli-BIussooree, 

and rZE = (I - S) 4". 131 for Dehra-blussooree. 

I W e  mill begin with tlie Delira-Jlussoorec observations. I n  dealing with the aetual deter- 
rninatiou of w it is most corivciiieut to coml~ute wl ant1 w, for selected average values of H a n d  T, 

viz., Ho and r0 
. . . . . . . . .  where H = Ho + dl1 and T = 7, + ~ Z T  (75) 

and then apply correetioiis to take account of the aetnal values of H a n d  T on each occasion. 
The values so fouod, z ; i z . ,  ,pi, will !,e connectetl with w, and w, by rclatioiis 

W1 = ,,a1 + dul  

w2 = ow2 + dwz 

(lo rlH 2dr 
where 1 - -  - - 

ow1 Ho 7 0  

(lw, rZH 3(17 
and - =  . - - -  

0 0 2  Ho To 

so that t d H  2d7 
w1 = . 0 0 1 ( 1  + H; - T )  

. . . . . . . .  i (76) 

and w2 = 0% ( 1  + % - -To 'zH 3fi) 

9. Dehra to Muasooree : 
I n  this ease A, = G930 feet Ho = 27.6 Eo = 5' 18' 40" 

I = 9.451 miles T, = 459.4 + 85 
go = 979.06 = 544.4 
g, = 980.62 to = 85, being the actual Falirenheit tcmperature. 
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il&?~ssoorce to DcRra : 
I;,, = - 5 0 ~ 9 ~ '  6) t/ itb = 2234 Ho = 23.3 nO 

I = 9.4'54 7, = 4.59.4 + GO 
yo = 9i8.79 = 619.4 
g, = 980.G2 i,, = GO 

from which we compute 
ow2 = + 0". 68 

Thc remaining data and thc  deduction of r e f~ac t ion  arc esliibitctl in tables IS an 

I TABLE IS. 
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111 tables S A  and S H  the comparisor~ of the results found in table IX with those found by 
means of (73) is carried ant. 

TABLE SA. 

Spring mean diffcrencc + 8edk 
Antumn mean difference + 7 . 6  

TABLE SB. 

iV/ra.sooree t o  DeA~.cl. 

3 

I I ,  

4 104 

2 5$ 
pp 

2'4 - - 

9'9 

- 
4 7 1 8  9 

I, , I ,  1 11 / 
I Serial No. I I - -. - 

, N 

4104 

s 2 54 

I, 

Spring meall differcncc - 8.0 
Antnmn mean difference - 8.0 

* This is not inclnded in Ilir Spring menn. 
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2 .54 

2'4 --.-- 

9'9 

E 42.7 

16.~5 -- 
,I 

Deduced refraction 37 '3 36.1 

29.6 

Difference + 7.5 6.5 

hlonth Oct. hTov. 

I - S  

rlE 

-- 

2'4 
n 

9'9 

2 54.2 - -- 
2'1 

8.7 

45.8 

1 6 . 5  - 

38.0 

30.6 - 

7-4 
pp 

Mar. 

Serial Xo. 

I ,, I 
4 104 
2 54 

5 

I M 

4 7 

2 54 

3 

, r  

4 104 

2 $54 

54 
2' 1 

2'4 

9.9 

18.5 

31.1 _-- 

22.5 

27.9 -- 

-5-4 
P 

April 

4 
- 

I w 

4 7 

2 54 

-- 
, r  

4 104 

2 54 

I ~n 

43'3 

1 ' 8  

7-4 

12.4 

,G 
-- 

I 81 

4 104 

2 51 

r 
S 

I- 8 

d E  

2 54 
2'4 

43-3 43.3 

I -  

-- 
8 I, 

4 104 

3 04 - 

4 104 

2 54 - 

16.5 16.5 16.5 16.5  
- 

35.5 

3o.1  

2.4 - 

9'9 

I 7;t ---- 
3'4 

49.7 

8.7 

- - - - 
5-4 8.4 I 1. I i1..5* 

Nov. Mar. 
April Oct. Feb. 

21.8 

Dedaced refraction 

w f r o m t a b l e I S  - - 
Difierence -- 

M o ~ l t l ~  

14.0 

46.6 

9.9 

- 

10.5 - 
Mar. 

31.1 

19.2 

27.7 

-8.5 _ 
April 

2.4 - - _ _ _  

9'9 

2oY4 

29112 

-8-8 

Nov. 

2 54 

2'4 

21-2 

2 54 
2'4 

9.9 

3 1 . 1  

19.8 

28.8 - 
-9.0 

z::: 

2.4 

9.9 

9.9 

21.1 

31.1 _ _ _  
18.7 

28.7 - 
-TO.O 

April 

2.1 

8.7 

22.3 I 

31.1 

17.5 

28.7 - 

-ue2 -___-- 

2' 1 

8.7 

2.4 ____-- 

9.9 

31.1 1 31-1 
21 - 3  

29-2 
,- 

- 7 . 9  

Oct. / March 

26.1 

28.9 

-2.8 

&t. 



10. From tal~les XA, XI3 Ire see that the refractioi~ computed by (63) is too small at  Del~ra  
and too great at  Xlussooree to agree with the deductions made from tlic spirit-levelled height, 
corrected, as well as possible from available data, for plumb-linc deflection. \Ye hare computed 
a mean refraction of 30".0 at  Dehra and .'8".B at  Alllssooree: aud from spirit-lcvelli~t~ we deduced 
38".0 at  Dehra and 20N.6 a t  Alllssooree. That t l ~ c  rcfraction at  Dchra sho111d he practically 
double of what i t  is at  Alussooree secms incredible ill face of observatio~i data. I t  may be 
stated in  passil~g that the old method of dealing wit11 refraction was to assllme equal auglcs of 
refraction at  the two elids of a ray. 

The suin of tlie rcfl*action angles a t  the two ends of the ray is a kno\r.u qnantity for if the 
refraction a t  one end is known the heigllt cau 1)e coinputed : and tllcn t l ~ e  refraction at  the other 
cnd can be deduced fro111 the known height. Accordiltglp \ve kttow, 1)eyoncl do~ibt,  that tlle 
sum of the refractians inust be38.O +2O.G=58".6. 'l'lie value from table I S  is 30.0 + Y8.6=58".6 
which is in absolute agreement. So tlie computed ~.efraction satisfies exactlv the only certctin 
test that we have. I t  is to be inferred that the other test fails because we have not accurately 
corrected the spirit-levelled height to a height above the sl)lie~.oid. 

I n  consideration of tlie fact that tlieodolites have a graduation error, this agreement 
of the sum of refractiolls found above is remarkable: and i t  is to be attributed to the fact that 
no less than four instruments have heen nserl. 'tl'ith out. 1.'-i11c11 theodolites we liave f~.equelltly fouud 
differences of 7" in means of measures of horizoiital angles, according as diffcrcnt zeros are used. 
This represents a graduation error of + Y.5 .  \Ye cannot expect tlie vertical circle to he Ijetter 
graduated than the horizontal circle : aud as the vertical circle is ]lot moveable, have ouly 
observed on two zeros for vertical angles. A very possible error iu the case of a 13-inch instrument, 
then is 3" : and wit11 an 8-inch instrument, we need not be surprised wit11 as much as 5" error. 

11. T l ~ e  conclusion arrived at  is that, in  consideration of the rapidly varying plumh-line 
deflection between Dehra and Mussooree, the height determined by vertical aligles coirccted for 
refraction should be accepted. 

The difference of height of hIussooree and Del~ra  as determined from obser~~ations from 
Dehra exceeds that deduced irom spirit-levelling, corrected for plumb-line variatiolls as in 6 

8 . 0  
by 4x= 1.94  feet; from observations from Mussooree the excess is the same. Accordingly we 

get a heiglit 4707.7, greater by 1 .9  feet than that found in 4 6. W e  shall consider this to be 
the correct differeuce of height of Alussooree above Dehra i a  all that follo~vs. 

12. I t  is necessary first of all to revise the values of a, a' foui~d for Nojli-,\Iussooree in  

4 7. By (74) the correction for 1 .94 feet is 1.94 x 0"*851 = 1".7 and is positive, so that 
i n  this case 

corresponding to a difference of heigllt of 6084.4 feet. 

We will proceed in the same way for the Nojli-Mussooree observations as me have already 
done in Q 9 for the Dehra-Mussooree observations, malting use of (77). In  this case we shall 

. have much larger refractioll angles, ~vhich will make the instrumental graduatiou errors relatively 
less important: and, in addition, the slight uncertainty as to the height of lfussooree will be of 
very little significance. 



There are two stations at Nojli which are close together. The distance of Nojli R.S. from 
)tIussooree R.S. is 45.928' miles, while that of Nojli Tower S. is 45.931 miles. The difference 
of these distances is only .003 mile or 16 feet, so that i t  will be convenient to treat these two 
stations as one and apply a small correction on this account. Now the elevation of Mussooree a t  Nojli 
is lo 8' 30" approximately : so that on this account the height is decreased by 16 sin 1'8' 30" = 
0.32 foot which corresponds to a change of angular elevation of .32 x -851 = ON.27 + ON.3 = e. 
TVe will combine this with the value of 6 - a and 6' - a' for the Tower station and then have 
the following values :- 

Using this modification we can treat the two stations at Nojli as if they were on the same 
vertical. 

g, = 980.62 to = 60 . 
whence 

= 137.3 ,mi, = + 4".93 
The remaining data and the deduction of the refraction are exhibited in tables XI and XIIA 

and XIIB. 

In tables XIIA and XIIB the heights of instruments and of signals are .taken account of. 
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TABLE XI. 

* Nos. 1-6 from Refraction station: Nos. 7-10 from Tower station. ' 
t Nos. 1--7 to Nojli Refraction station : Kos. 8-14 to Tower station. 

d 
i3 - 
' f 
0 
(R 
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I 

0 .- 
d 

. . .  

% 

s 

Nojl i  to Mussooree. * 

'-a 
.% 
+ 
Y 

a a 
d 

4 

C H 

E . .- 

0 .  
0 
'4 

8"No. 956 

do. 

do. 

1 2 " ~ o . I I I  

8" No. 956 
and 1311 

S"No.1311 

8"N0.95G 

12"No. 111 

S"&'o. 1311 

do. 

8"No. 95G 

do. 

do. 

12"No. 111 

8" No. 95G 

8"No. 1316 

S"No.1311 

8" No. 956 

do. 

12" NO. 111 

do. 

8" No. 956 

8"No. 1316 

8" No. 1311 

1905 

1906 

190G 

1907 

1909 

1909 

1906 

1907 

1909 

1909 

1 

2 

3 

4 

5 

16 

9 

9 

4 

10 

6 

9 

9 

G 

6 

1 

5 

7 

12 

10 

11 

12 

6 

7 

12 

4 

14 

12 

13 

s r s  
; z  
% S e  

o 

December 1-8 

March 14--1G 

Nov. 22-Dec. 16 

March 20-23 

January 16-26 

0 
5 

4 

29.25 

29.16 

29.27 

29.13 

29-20 

29.02 

29-02 

29-10 

29-13  

29.07 

23.48 

23.38 

2.3'49 

23'44 

23.51 

23-43 

23-43 

2.3'39 

23'49 

23'44 

23'46 

23'48 

2.7'43 

23-44 

Jft~ssooree to  Nojli ,  t 

G I March 9-12 

7 ( Yarch 17-20 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

, f l  
z 5 2  " 
E Z U  E m n  

2 - 
Y 

E 
P1 

5 
4 

2 
B 
% L. 

U 

rs 

.oo41 

.ooo; 

-0048 

.oooo 

-0031 

16.1-.004j 

- ' O O ~ I  

-.oo14 

'003; 

-'oozS 

.0047 

-.oooq 

.00j1 

'0030 

'0056 

-0030 

'0021  

-0000 

'0051 

-0030 

'0043 

'004; 

.oogo 

.oo26 

8 

9 

LO 

- j e 8  

-3.7 

-3'8 

-3'8 

-3 .9  

-3.6 

-3.6 

-3'5 

-4.1 

-3.6 

+ 4 ' 9  

4.6 

4 ' 9  

4.9 

4.7 

4 .9  

4'7 

4.6 

4.9 

4 '9 

5"0 

4.9 

4 '9  

4.7 

!-I 

U LO 

29'12 

29-02 

29.14 

29-00 

29-09 

28.87 

28.88 

28.96 

29'10 

28-32 

2.3'41 

23.29 

23-42 

2.3'3; 

23.43 

23-37 

23'.?5 

23-30 

23-42 

23.37 

23-40 

23-41 

23-35 

2.3'36 

516 

March 25-28 

January 28 

March 13-1G 

November 12 

April 19-25 

October 31-Nov. 7 

April 8-20 

March 11-April 21 

October 24-31 

April 7-1G 

Xpril 19-25 

November 1-7 

April 8-20 

Fovember 21,22 

March !+April 21 

October 24-31 

April G-16 

156.9 

1j3.1 

156.3 

156.1 

160.6 

150.4 

151'9 

1j3.3 

1 6 j . j  

151.5 

141 '8  

136.3 

141'4 

140'8 

138.6 

142.0 

137.2 

1.3j.5 

14r.S 

140.8 

143'4 

140'8 

142'0 

1.37'4 

n 

$ 1 ~  
I 

5Jg + 
4 

3 ; - 5  
It 
3" 

'0283 

.0486 

'0328 

.ozg4 

.0045 

.o6o; 

'0520 

.o4j.3 

-.0264 

'0555 

. o o ; ~  

.o+oo 

-010s 

.or31 

'0304 

.oor6 

'0370 

e0462 

'0081 

'0131 

-.oo.?g 

-0146 

-0046 

.0.362 

-33 

.;I 

a33 

.39 

.36 

-16 

'27 

.28 

.40 

(.47) 

.-- , 
'52 

'51 

a26 

'44 

'29 

-35 

.53 

'51 

'44 

-27 

'44 

1905 

1906 

1906 

1907 

1908 

1908 

1909 

190G 

1906 

1907 

1907 

1908 

1908 

1909 

3" + 
6 
n 
3 

160.5 

156.8 

160.1 

159'9 

164.5 

154.0 

1 5 j . j  

15 i .o  

169.6 

155.1 

136.9 

131.7 

136.5 

1.35.9 

133.9 

137.1 

1.3?.j 

1.30'9 

1.36.9 

135.9 

1.38'4 

135.9 

137.1 

132'; 

b l P  

75.5 

80.6 

76.6 

75.4 

69.4 

84'7 

81.6 

80.0 

61.5 

53.3 

60.0 

65.3 

6 0 - j  

61.1 

66.4 

59'3 

65.9 

69.8 

59'8 

61.1 

j j . 2  

62.5 

59.3 

67.7 

7.5 

12.9 

8.7 

7.8 

1 .2  

13'8 

12 .0  

- 7 .0  

14.7 

2 . 0  

10.4 

2'8 

3'4 

7.9 

1 .2  

9.6 

1 2 . 0  

2 '1  

3.4 

- 1.0 

3.8 

1 .2  

9'4 

$ \ t p  
I 

I + 
r( 

W W  

II 
2 

6.2 

7.3 

6.5 

6.2 

4 '9 

8.5 

7.7 

5.3 

-3.7 

8.1 

4.3 

6.0 

4 '4  

4 '5 

5.6 

4.4 

5.9 

6.4 

4.3 

4'5 

4'0 

4.8 

4.4 

j.9 



TABLE X I I A .  
Nojli to M~ssooree. 

KOJLI REFRACTION STATION 

TABLE X.11 B. 
dfzbssooree to Noj'li. 

KOJLI TOWER STATION 

NOJLI REFRACTION STATION 

/I 
March mean R - w - 5 . 2  
Kov. and Dec. mean ,, - 4.5 
J a n ~ t a r g  ,, + 13.4 

3  

4.'9 

1.6 

3 ' 3  

2 ' 8  

25 '4  

58.3 - 

149 .9  

156.3 ------- 
-6 .4  ------ 
:ez. 

2  I-'-- 
4!9 

1.6 

3 ' 3  -- 
2.8 

26.9 

58.3 .-- 

151.4 

15.3'1 

I 

March 

lo 

54'7 

1.6 

53-1  

45 '2  

44 '8  

58.0 

152.0 

15x.5 

+o.; 

March 

Sorinl KO. I 

March and April mean R-w 6,'b 
October and November mean  ,, 17.0 

is means an  observed depression of 1" 42' 0" -1".3 = lo 41' G8".7. 
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NOJLT 'I'OWER STATION 

March mean a - w  + 0 ~ 3  
January ,, + 5 . 5 ,  

9 

--- 
54'7 

--- 1.6 

5.3'1 

45'2 

63.8 

38.0 

171.0 

'65'5 

+5 '5  --- 
January 

l 8  
I 

S 

I- S 

c2 E 

E 

6-n 

5 4 . ' ~  

1 .6  

5 

4 5 ' 2  
0 I I, 

1 7 45.4 
0 8 // 

- I  5 58.0 

152.6 

'.<"9 

+0 .7  

Marc11 

4 ~ 5 ~ 6  

4.9 

I . 6  

/ 

3 '3  

2 !'8 

6 z9'8 
0 / // 

- 1  .i .$..z 

- 

8 

4.'9 

52.7 

-47'8 --- 
-40.; 

2.3.8 

~ 5 . ~ 3  

140.8 

1.15'5 

5..3 

April 

6  

4'9 

.z'$ - 
2 '8  

44.4 

25 '6  

164.0 

142'0 

2 2 ' 0  
1- 

Serial No. 

54'4 

1 .6  

52 '8  

44'9 

46.0 

58.0 

1 j 2 . g  

' 53 '3  

-0 .4  

March 

4!6 

1 .6  ---- 
3 ' 0  

2 . j  

zg.9 

58.3 

148.1 

156.1 

-8.0 

March 

K O ,  

March and  April mean a-w 7!1 
October and  November mean ,, 18 .2  

7 

4.'9 

1 .6  

3'.3 

2.8 

61.9 

25'6 

1 4 6 . j  

1.37'2 

9 ' 3  -- 

I 

S 

I -  S 

d E  

E 

6-a 

Dedlicedrefrnction=R 

w from table X I  

R- w 

Month 

2 

4.'9 

1 .6  

2.8 

-65.5 

25.6 

142'9 

1.36'.3 ---- 
6 . 6  

9 

4.'9 

52.7 

-47 '8  

-40.7 

8 . 6  

25'.3 

156.0 

141.8 ---------- 
14.2 

N o r  

-_____--- 

4.'6 

5.3'5 

-48.9 

-41.6 

3'.3 

25.3 

160.4 

143.4 

4 ' 9  

1.6 

3 - 3  

2'!8 
0 1 11 

- 1  42 54.0 

+ I  4: 25.6 

4!9 

1 . 6  

3 ' 3  --- 
2.8 

49 '5  

. i8 ' .~  

174.0 

160.6 

+1.3'4 

January 

154.3 

156.9 

-2.6 

Decr. 

3Iarch and  April mean 12-w 6'.'~ 
October and  Kovember mean ,, 15.8 

3 

4.'9 

1 . 6  

3'33'3 
2.8 

54.3 

25.6 

154.1 

141'4 

12'7 ----- 

4.'6 

52'7 

-48.1 - 
-40.9 

20.4 

25 '3  

144.0 

140.8 

3 .2  

April 

4  

4.'6 

.3'0 

2 . 6  

63.4 

25.6 

144.8 

140.8 

4 ' 0  

4:9 

53'5 

-48.6 

-41.3 

r3.2*-1'.3 

2;'.3 

165.3 

14z.o 

Oct .  

1 0 1 1 1 2 1 3 1 4  

4.6 

5.3'5 

-48.6 

-41'3 

25.3 

150.8 

140.8 

4!9 

1 .6  

3 ' 1  

2.8 

19 '9  

5 8 ' 3  

144.4 

150.4 

- 6 . 0  

l l a r c l ~  

April 

5 

- -  
4'9 

------- 
3'.3 -- 
2 . 8  

6.3'5 

25.6 

144'9 

1.38.6 

6 . 3  

4 

53 

-48 

-41 

16 

2.j 

147 

137, 

2 . 3 . 3 1  

Apri 

1 7 0  10.0 

Nor. March 

Deduced 
refraction = R  

w from table X I  

a -w 

; 

154'4 

141.8 

12.6 

April April :;$/ Oct. 



14. There are several points to bc noted in the results of tables XIIA, X I 1  R. From table 
XIIA we see that the values of fl-w a t  Nojli Tower are smaller and more consistelit than those 
at  Nojli R.S. Considering then1 by season we have remarkable accordance of the March rcsults 
at  Nojli Tower, and the mean value of f l - o  i ~ r  this case is +Of'.3 : while a t  Nojli 1t.S. the 
accordance in fairly satisfactory and thc mean v:rlue of a - w  is -5".2. I n  tahle XIIB,  as 
might be expected, there is very little difference between the results found for Nojli R.S. and 
those for Nojli Tower. Coml~ining the two cases we find the mean value of a - w  determined 
from March and April observations i3 '+6".8:  while the value from October and November 
observations is + 17" .0 .  Again in tahle XIIA we see that the observations in January yield 
values of a - w  of + 13" .4  a~!d + 5" .5  at Nojli R.S ant1 Nojli Tower respectively. 

A. 

The conclusions which may be dra11111 are : 
(1). That w represents the refraction more closely in  the mo~iths of Jlarch and April 

than it does in January or October and November. 
(2). That iu January the refraction a t  Nojli is largely different from what i t  is 

in the other m o ~ ~ t h s  it1 which me lrave observations: but that this abnor- 
mality rapidly decreases with height above the ground level. 

(3) .  That the observatio~is a t  Nojli Tower are much more accordant than those 
at  Nojli R. S.;  and that w very closely represents the refraction in spring 
a t  Nojli 'l'ower. 

I t  is to he expected that the adiahatic gradient should be more rieariy attained with a 
rising ternperat~lre, such as occurs in spring, than with a falling temperatl~re, such as occurs i n  
autumn. That the s p r i ~ ~ g  results are more nearly represettted by w that1 the other results, then,' 
is satisfactory. Just as there is a diur~ial change in refraction, with a minimum a t  about 2 P.M. 
so there is also a seasonal variation with a milrimurn in the spring. Observations from Nojli 
Tower naturally would be expected to be superior to  those from Nojli R. S. : for the 'llower stands 
50 feet above the ground and irregularities of the temperatlire gradient are certain to  be felt 
much less on this account. A simple law of temperature which represents, in the main, thc 
temperature between Nojli and ;\lassooree cannot he expected to represent. the teml)erat~~re cery 
close to the ground, where i t  is liable to being disturbed by radiation. This was foreseen nheu 
the observations a t  two heights at  Nojli were initiated. 

To rel~resent the refraction in the Nojli R. S.-Mussooree ray, i t  is clear that some 
temperature readings at  several heights hetween ground l e v e h n d  50 feet higher are desirable. 
The facts that in  spring the values of the refraction give11 by w-corre,eponding to the adiabatic 
gradient of temperature-satisfy the observations practically perfectly at  Nojli Tower, while 
they are in defect by 5" .2  a t  Nojli R. S., show that the temperature gradient in the first 50 feet 
above the ground must have been much steeper than the adiahatic gradient; which prevailed from 
that height onwards for some considerable height. This of course is another fact which can be 
foreseen by considering the effects of the radiation of heat from the hot earth in  the early afternoon 
when convection is sllre to be occurring. That the adiabatic gradient did uot persist as far  as 
the height of Mussooree is made clear by the fact that the value of w at Mussooree is less than 
tLat of Ck by a mean amount of 6".8 in the spring. 

It was not expected that the adiabatic gradient would often be I-eached, as measure- 
ments of fall of temperature made by baioons and kites do not show this to  occur. These 
observations, however, have not been made at  the time (say 2 P.M.) of minimum refraction when 
a steeper gradient is likely to  occur than what has been observed at  8 P.M. hleteorologists 
presumably wish to find an average value of the diurnally varying gradient, and do not in the 
first place wish to find the maximum gradient. On the other hand refraction results may give 
the gradient a t  any instant in a may which will be useful t o  meteorology. 



15. Rre mill now consicler the 19ussooree;Nag Tiba observations. 
lllzusooree to AToy Tibn. 

Jib = 9915 Ho = 23.3 Eo = 3O 12' ON 
1 = 9.8SG T,, = 459.4 + 60 
go = 978.70 = 519.4 
gs .= 980.62 to = 60 

from which me compute 
,o, = 29".6 ow, = - OUe44 

A709 Tiba to llfz[ssooree. 
h6 = 6930 I4 = 20.9 Eo = - 3 O  20' 0" 
1 = 9.886 T, = 459.4 + GO 
go = (978.G2) = 519.4 
g8 = 980.G2 to = 60 

from which me compnte 
,w, = 2G" .G ,a, = + ON.41 

The deduction of refraction is carried out in table XIII. 

TABLE XIII. 

*Estimated. 
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As \oc have no spirit-levclled value of the height of Nag Tiba wc llave only one check on 
our deduccd refraction-that the difference of l~cight  of Nag 'l'iba and 3iussooree should be the 
same when deduced from observations at  cither e ~ l d  : or, wllat is the same t l ~ i i ~ g ,  that 

90' + a + 00' + a' + X = 180 

that is a + a ' + X = O . .  . . . . . . . . (78) 

To compute X vvc have by (69) 

log, = l o g e  - log lt  + log coscc 1" 

and from (71) and tablc IV, with A = 29' 18' (see table VII), and latitude 30' 31' 

- -  " - 208886 - 517 cos 58' 3G' 
100 

= 208616 

log x = ~1.71768 + 5.31142 - 7.31935 

X = G I G " ' 1  = 8'30"*1. 

16. In tables XIV A and XIV B the l~eigllts of instruments a l ~ d  of signals are takcn 
account of. Here \re hare cZE = (I- S) 3".95. 

'I'ASLE S I V A .  

March and April mean E,-o 3' 12' 28"-1. 

October and November mean Ec-o 3' 12' 33''eO. 
1 

Bcfore taking the mean for March and April n u ~ n l e r s  1 and 2 have becn combined as they 
refer to observations of the same year (see ta l~le  SII I ) .  
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Scrial No. 3 4 5 8 

4:9 

5.0 

G 

4*'9 

5 ' 0  

I 
I 4*'9 

C .  

4.'9 

10'5 

4'9 

.5'0 9 

I- S 

dE 

4 '2  
, 

O.7 

2.8 

-0.1 

-0.4 

9 .8  

45' 7 

5 j .1  

27.7 

4.'9 

,5'O 

-0.1 ---. 

-0.4 

11.9 

4.5'7 

57'2 

29.0 

E 

6 45' 7 

E,-a 

Jfollth 

4.'6 

5'0 

28'2 

E , = E + ~ E + G  

OJ from table XI11 

3 12  25'7 27.4 

A ' 1 

------- 
4-6 

5 ' 0  

- 0 - 4  

-1.6 

12.5 

4.5' 7 

56 '6  

228.8 

0 ,, 
3 1 2 5 3 ' 6  

,, 
27.9 

27.8 

April 

-0.4 

-1.6 

17.8 

45' 7 

61.9 

29.1 

32.8 

Nov. Oct. 

0 

- 0 - 4  

12.5 

4.5'7 

57.8 

28.5 ---- 
29'3 

March April 

-5.6 

- 2 2 . 1  

43'4 

4.5'7 

67.0 

29.1 

-0.1 

-0.4 

" ' 7  

45' 7 

57 '0 

28.2 

37.9 

Oct. 

28.8 

April 



TABLE XIV B, 

Nag Tiba t o  Jfz~ssooree. 

April and Alay meau E,- co - 3'21' ON.7 

October E,- o - 3' 20' 48". 1 

If o represents the actual refraction by (78) we should have 

(E, - o) from table XIVA + X + (E, - o) from table XIVB = 0, 

Serial No. 

and putting in the values of mean spring we get 

3' 12'28".1 + 8'3fjN.1 - 3°21'0".7 

2 

4'9 

2'5 

2'4 

9.5 

63.6 

39'.5 

33.6 

26.9 

60.5 

Map 

I 

S 

I- S 

~ E E  

E 

a* 
E , = E + d E + 6  

o from table XI11 - 
3,-.o 

AIonth 

We shall discuss this residual 3".5 latcr, in Q Q  21, 22, but mill first proceed with the 
observations from Nag Tiba to Nojli. 

4'9 

2',5 
I 

2'4 

9 3  

- 3 0 1 6  66:o 
I, 

-39'.5 
, N 

-3'2036.0 

26.4 
I N 

-3' 20 62.4 

May 

17. Nag Tiba to  ATojli. 

hb = 887 Ho = 20.90 E, = - fLO 6' 0" 

whence wc compute 
,o, = 140.6 = + 8". 144 

5 

4'9 

2.5 

2'4 

9 . 5  

62.5 

.79'.5 

31.5 

26.4 

58.9 

May 

3 

4'9 

2.5 --- 
2'4 

9'5 

64.4 

39'.5 

34.4 

+ Interpolated ralne : see table V. 
t Erterpolated value. 

4 
---- 

4'9 

2'5 

2'4 ---- 
9.5 

51.0 

39'5 

2 1 - 0  
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61.1 / 48.1 
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The deduction of rcfraction is carried o ~ i t  iri table S V .  
TABLE XV. 

ATaqr/TibaioATojli. .' 

I n  table XVI the heights of instruments and of signals arc talteri account of. 
Here me have dE = ( I -  5) O".7OO. .. 

I'ABLE XVI. 
ATng Fibn to Nojli. 

Serial No .  I 1 1 2 . 

I - S  - 47 :8  + 3 ' 3  

(1 E -3315 + 2'3 
Correction for 

ciistance to towcr 1 - 0 ' 4  1 ..> 

o from table XV 

Ec- o .58'7 
April April 

May 1906, mean E, - o - 2" 9' 61f/ .3 
May 1907 j) 55"-4 
April 1908 ) J  58".4 - 

- Combinea _mem,.., (-- 2" 9' 58".3 r- .- -- ,-.- ,-. . , , - 
*..- n , . , - , -  --.-, - -  - -r, .  - . - - -  . - F  -.-. " *  . -  * To Xojli Tomer. 



I n  this case we have from table I V  corresponding to a mean 'latitude 80' 14', 

_ -  " 208881 - 520 cos 62' 
100 - 

= 208637 
log x = log c - log R + log cosec 1" 

X = 2913.2 
= 48' 33". 3 8 

Now 

whencc if we assume that the refraction is w and E, - w = a 
we hsvc h = - c (1 + 4.8.10-4) sin lo 45' 41"-8 sec lo 21' 25"-2 

or h = - 9065.3 

, 3 We will next determine the height of Nag Tiba above Mussooree and for the present will 
suppose that the discrepancy of 3".5 found at the end of tj 16 is to be distributed equally between 
the two refraction angles. In  doing this we are not likely to be in error by as much as 1" as 
will appear latcr (see tj 24). This corresponds to about 3 inches in height : which in turn 
corresponds to an error of 0".2 in elevation of Nojli. Then me h.ave 

a = Ec - w -  !'/.75 = 3' 12' ""-35 
X -- tjf36".1 

K = c (1 -!- 3 . 3  x sin 3' 16' 44"-4 scc 3'21' 2".4 
= 2991 - 9  

:. the height of Nag Tiba above Nojli is 2991.9 + 6084.4 = 9076.3 
But the height wededuced from table XV1 is 9065.3 which is accordingly too small by 11.0 

feet : i .e.,  me computed the dip of Nojli from Nag Tiba too small by 7'/.7. If we have assigned 
the true deflection to the plumb-line at Nag Tiba this must be the differelice clZ - w .  If on the 
other hand the assumcd deflection is too large by e in azimuth 30' (which is roughly the azimuth 
of both Mussooree and Nojli) me have for the Nag Tiba-Nojli ray 

sz - w  - e = 7".7 . . . . . . . . . . . (79) 
and in the Nag Tiha-Mussooree and reverse ray 

(sz - w ) ,  $- (sz - w ) ,  - e = 3".5 . . . . . . . . (80) 
the suffixes 1 and 2 being used to distinguish the two ends of the rag. 

19. We proceed to discuss the residuals a - w  which have been found. I t  will be couve- 
nient to collect results, etc., in one table. 

TABLE XVII .  
Results of spring observations. 

* See also table XVIII. t These figures contain anpdditional O v a l  which is shpwp to be necessary in § 24. - -  . 

Year 

Rayfrom 

Nojli Tower 
toMussooreel7-20 

Mussooree to  
Nojli 

* 
Mussooree to 

Nag Tiba 
* 

Rag Tibn to 
Mussooree 

Nag Tiba to 
Nojli 

190:) 

No. 
ID-uDa;esl obs. of ( q I u2 in-. 

Afar. 
13-16 

Ap. 
6-16 

AP. 
6-29 

i a Y  
6-11 

1908 

No. 
/ a - r D a t e a l  obs. of 1 ( ur 

1906 

No. 
DatesI obrr. of ( r 1  ( u2 

1905 

No. 
In-uDatesl obs. of I u1 1 r2 

6 

25 

18 

10 

" 

8.2  

I 4'3 
+ c  

t 
7.7 
+ r  I 

11 

-3-6  

4.7 

-0.4 

0 ' 4  

I1 

155.1 

132'6 

28.6 

26.0 

I, 

4.8 

-0'4 

0'4 

8 ' 3  

8 

1 3 ' 4 
+ r  

t 
10.7 
+ r  

Y 

0 .5  

9.6 

+ c  I 

" 

28.2 

26.0 

146.5 

Mnr. 

Ap. 
19-25 

Ap. 
14-26 

May 
1-7 

Xny 
1-7 

" 

1 j j . j - 3 . 6  

1 3 1 . ~ + 4 . 6  

-0.4 

0.4 

7.9 

N 

134'9 

28'9 

26'3 

151.3 

1, 

157'0-3.7-0.4 

4 '9  

-0'4 

0 . 4 .  

7.9 

Uar.9 
3.6Ap.31 

3Inr.9 
Ap.21 

Ap.27 
May1 

Ap.30 

9 

11 

14 

14 

10 

6.0 

I 0'3 
+ r  

t 
4.9 + l 

11 

135.9 

29.2 

26.j  

147.3 

Dlnr. 
0.725-28 

AP. 
8-20 

*P. 
8-23 

May 
10-15 

b l a ~  
13 

24 

16 

11 

2 

9 

24 

17 

14 

2 



The brackets indicatc that the sum of the values of CI - o at llussoorec to Nag Tiba 
and at Nag Tiba to  hfussooree are given. If  we regard the observations at llussooree and Nag 
Tiba to  be sufficiently close, iu point of time, for 11s to treat thcm as simultaneous, we can 
deduce, with the aid of table 111, values of a and b which will account for the values of R - o 
givcn in  table XVII. As only two obscrvatiops were taken from Nag Tiba to Nojli in each of 
the years 1907, 1908, i t  is not desirable to  take these along with the ten observations in 1906 
and take a mean, as this mould imply the observations in the several years being of tlie same 
weight. Wc will accordingly consider the year 1906 aloue in which a fair number of observations 
were taken in the four cases, and take the mean of the years 1907, 1908 together. The solutions 
will enable us to determine e, and so we shall have a determination of the plumb-linc deflection 
at Nag Tiba. 

20. We will take flJf,, a, b to refer to hiussooree and fit, fe', a', b to refer to Nag Tiba, 
b being treated as a constant. From (65) me have 

and replacing f l  by u + 1 and/, by v + 1 we get 

?I + b = 3.381h2 + 4 . 3 8 ~  

Also sincc, as may be seen from end of Q 20 Chapter I *+* n-a '=2 .10 -6bR  . . . .  , . . . . .  (82) 
a-a'  :. ut = f i t -  1 = f l  - 1 + --- 
1.327 

21. The conditions that me  havc to satisfy in 1906 at Alussooree and Nag Tiba can at 
once be written down from table XVII. 

whence eliminating c from the last pair.  

2 8 . 3 ~  - 0 . 4 ~  - 1 2 0 . 5 ~ '  - 7 . 5 ~ '  + 4.6  = 0 . . . . . .  (86) 
I t  is possible to form a biquadratic equation for s, by means of the equations (81), (83), 

(841, (86) : but i t  is more convenie~it to proceed as follows : 

From (84) and (8 1 )  we have 

1 3 1 . 3 ~  + 4.6  (3.38ue + 4.38% - b)  = 6.0  
whence 

b = 3.38u2 + 32.9311 - 1.304 . . . . . . . . . .  (87) 
Also (83) becomes for this ease, with h = 2992 

u' = u + -0451 b . . . . . . . . . . .  (88) 
By (87) we see that to each value of u there is a corresponding value of b : hence also of 

V ,  u' and v'. 

Thus if ?I = 0 then b = - 2.304 v = + 1.304 = - .059 v l  = + .058 
and i f u =  O e l t h e n b  = + 2 . 0 2 3  v =  - 1.551 + .191 - 1.064 
Substituting in the left hand side of (86) which \re denote by C, me get 

,- , - " , - - .- 
.r,, - ?  \.,. r ,*,," -<,<,, I-", ?I 



- 0 . 4  x 1.304. - 120.5 x - .059 -7mr x 1.058 - 4.6 
- -52 -,- 7.11 - 7 L  + 4.6 

C * 28.2 x 0.1  - 0.4 x - 1.551 -120.5 4!k x -7-5 x -1.06 
+ 0.62 - 33-03 +7.98 + 4-G 

= - 7.00 
~fi@!e values of C lead ns to try values of u, .03 and -04. 
I f  u = -03 then b = - .313 v = t .447 u'= + -016 v' = + -384 
if u = -04 then b = + -018 v = + -162 u' = + .041 u' & + -168 

-0.4 x '44.7 -120.5 x -016 -7.5 x '384 + 4 . 6  
- .I8 - 1.93 -2.88 + 4.6 

= 28.2 x -04 -0.4 x -162 -120.5 x - 0 1  -7.5 x -168 + 4.6 
I = 1.13 - -06 - 4.95 -1.26 + 4.G 

u = -035 then b = - -148 v = + -305 U' = '028 v' = + .274 
C = 28.2 x .035 - 0.4 x -305 -120.5 X. .028 --7.5 x -274 + 44.6 

- .I2 - 3.37 -2.05 + 4.6 

We see then that the values (5) above satisfy (84) +ad (86). 

From the second equation of (85) me have 
e = 1 4 6 . 5 ~ '  + 7 . 9 ~ '  - 499 

= 4.10 + 2.16 - 4.9 
e = lf'.36 . . . . . . . . . . . . .  

cletkmined from 1906 observations : me proceed to make anotl 
from 1907,8 observations. 

2. Taking mean figures for these two years we havc the conditions 
. . . . . . . . . .  1 3 6 . 4 ~  + 4 . 8 5 ~  = 5-90 

2 9 . 0 5 ~  - 0 . 4 ~  -!- 26.4%' + 0 . 4 ~ '  = 
14,9 .3~ '  + 8 . 1 ~ '  = 9-30 + e 

3.85 + €1 . . 
. . .  2 9 . 0 5 ~  - Oa4v - 122.916' - 7 . 7 ~ '  + 5.35 = 0 

Hcre we have 
135.4 5.90 

b = 3 . 3 8 ~ '  + 4.38~4 $- 7 1 c - -  
4 83 4-85 

6 = 3 . 3 8 ~ 6 ~  $ 32.3021 - 1.217 . . . . . . .  : . 
b = + -080 v = + -100 tr' = .044 v' = + -120 

b = + -405 v = - -178 a'= -068 v' = - .091 

thc left hand sidc of (92) 
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The solution here is u = -0415 corrcsponding to which we have 
v = +*058  u'= -048 v'= + -088 

Prom (92) we get 
e = 149.3 x -058 t 8 .1  x -088 - 9-20  
- - 7-17 + .71 - 3.20 

e = - 11'.32 . . . . . . . . . . . . . 
23. Our two determinations of the plumb-line dcflectioh differ by 2".7. 

If we compute e corresponding to cases (3) and (4).of 4 21 
we get when u = -03 C =  + -46 e = + -63 
and when u = -04 C = - -54 E = + 2.43. 

W e  see then that while C changcs by I", e changes by lN .8 .  Any error in any of the 
residuals fl - o appears in  C: so that if any one angle of elevation is wrong by l", the deduccd 
value of e will be wrong by lf'.8. 

To account then for our discrepancy of 2".7 we have only to suppose that the combined 
errors i n  the mean observations from Blussooree to Nag Tiba, Nag Tiba to 3iussooree and Nag 
Tiba to  Nojli, amounted to 1".5 : that is an average error of 0".5 at each station. 

Also the observations at Mussooree mere not made on the same date as the other obser- 
vations : which may account for small changes. 

Accordingly there is no great reason for surprise at the discrepancy between our two 
determinations. 

24. The mean of the results (89) and (94) gives 
e, = + Ot'.O2 

I f  we weight the equatious in proportion to the numbers of observations at Nag Tiba to Nojli 
we have 

e, = + 0".6. 

This corresponds to a change of meridional deflection of amount 0".6 sec 30' = ON.7. 

Taking the solutions we have found in $4  21, 22 we can put down thc corresponding 
refractious in the observations from Mussooree to Nag Tiba. 

I n  1906 we have ZJ = -035, v = -305. 
:. fl = 28.2  ( l+u)  - 0 . 4  ( l+v)  

= 27.8 -I- 1.0 - 1 . 2  
= 27.6 

I n  1907, 1908 zc = -042 v = -058 
fl = 29.05 (1+ .042) - 0 . 4  ( 1 +  .058) 

= 28-65 + 1-22  - -02 
= 29.9 
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Hence deduced values of a are 

for 1906 3' 12' 54N.4 - 27"-6 
= 3" 12' 33".8 

andfor  1907, 1908 3' 12' 57".2-29".9 

The agreemcut of these results is very good and their weighted mean is 3' 12' 27'/*1, from 
which i t  appears that the value me assumed in 4 18 was too small by OW.75.  This corresponds to 
a height too lorn by 0 .  I9 foot, which in turn .corresponds to  a value of 8-o, in case of Nag Tiba- 
Nojli ray, too small by ON.13. 

On this account the values of 8-o in  table XVII relating to Nag Tiba-Nojli have been 
iucreased by 0.1 ,  so that the solutious for e will stand. 

\Ire have from this that thc meridional deflection at  Nag Tiba is 

Urhile bearing in mind the lial~ility to  error which this result has, me must remember also 
that the value given in table V (32") was only arrived a t  by interpolation : moreover this metbod 
of interpolation cannot be advocated for dctern~ining plumb-line deflection in a mountai~ious 
coulltry where the c-hacges of deflection are extremely rapid. The result (95) a t  least bears 
some relatioil to  facts and on this :~ccount is to be preferred to the i~lterpolated value. 

We shall accordingly use the result (95) in discussing the observations to the Snow-Pealts. 

The final value of the difference of height of Kag Tiba arid Mussoorec is 2992.1. Wc 
will conclude this chapter with a statement of results found. 

IIeight of Alussooree above Nojli 1t.S. ... 6084.4 feet 

,, Nag Tiba J )  . . . 9076.5 ,, 
lleridional cornpollent of piumb-line cleflection a t  Nag Tiba = 3lW.3. 

6 

15.9 

15.9 

-4.6'1 

+45.7 

-38.9 

-38.8 

39.6 

-39.1 

Ray 

Nojli R.S. to IIussooree 

Nojli Tower to Mussooree 

hlussoorce to Nojli R.S. 

Alussooree to Nag Tiba 

Nag Tiba to 3l11ssooree 

Nag Tiba t o  Nojli R.S. 

Dellra to hlussooree 

hlussooree to Dehra 

a 

1" 6 14"2 
1 5 31.1 

-1 4.6 11.7 

3 12 27.1 

-3 21 3.2 

- 2 10 6.1 

5 19 4.1 

-5 27 18.2 
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C H A P T E R  111 .  

I The heights of the snow-peaks Bandarpunch, Srikanta, 
Jaonli and. Kedarnath. 

I 1. When observations have been made a t  any statioil to two points whose heights are  
known, then, provided wc have the necessary information about plumb-line deflections, i t  is pos- 

I sible to  compute the true angles of elevation a, and so to obtain the quantity a - w ,  as has 
already been done in  tables XVII and XVIII. We can next form two equations as follows :- 

i zLwl + v w ,  =:,-w,J . . . . . . . . . .  
U W ' ~  + e m , '  = - w J  (96) 

where wl, w,, Ci, w refer to  one ray, and the same letters dashed refer to thc other ray. 

Thc solution of (96) gives the values of u aud v. Theoretically we can apply these ralues 
of ZL and v to find the refraction on any third ray. I n  the case of the observations take11 
a t  Mussooree, we can form equations (96) by mealis of the rays to Nojli and Nag Tiba, deter- 
mine thc values of ZG and v, and then deduce the refraction in the case of raps to the snow-peaks. 
Unfortunately, when the actual n l~uer ica l  quantities are put in, i t  is soon apparent that the 
mcthod is not satisfactory in this casc. The reason is mainly that the short ray to Nag Tiba 
has very small refraction and that the quantity a - w '  must be known with greater precision 
than we can determine it, other\vise the error introduces a quantity which is large compared with 
the refraction. Botli the equations (96) are based on fallible measuremcnts. The observed 
angles of elevation are in error by unknown amounts, depending on the graduation errors of t h e  
instrument and the errors of intersection. 'l'he deduction of w depends on observations of tem- 
perature, pressure and humidity. Errors iu these quantities, especially in the tempcrature, give 
rise to errors in o. The temperature is supposed to be that of the undisturbed outer air:  in  the 
cases me are to deal with, the temperaturc has been observed in the observatory tent. Moreover 
thc  temperature readings cannot be quitc simultaneous with the observations of vertical angles to  
several points, since all have been made by one observer and temperature readings mere not, 
repeated after each ray had been observed. Accordiugly errors of 3" or more probably exist in 
most of our determinations of a - w .  The refraction on the BlussooreeNag Tiba ray is only 
some thirty seconds. 
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I n  the case of observations from Mussooree to  Nag  Tiba a change of one second 
in  9 ' - w '  gives a very large change in the values of 16 and v deduced from (96): and the two sets of 
values of a and u when applied to  the  SIIOW-peak observations give results differing by many 
seconds. If we had observations to  two stations of ltnown heights whic11 differed considera1)ly 
a t  distances of some forty miles, the solution would he satisfactory. 

2. The method of solution by (96) assumes thn't t he  temperatare law map be I-epresented 

wit11 sufieient accllracy by tliree terms, as on page 16, throughout tlic range of heigl~ts that  the rays 
under considcratiou traverse; but  more especially in the neighbourhood of the  o l ) se rv in~  ? station. 
AS be seen sJiortly (ace table );XX\') this appears to be i ~ p l ~ e l d  bp facts with certain rcst.rictions 
as to  the hours of the  day. 'I'hus ol~servations from the  p l n i ~ ~ s  a b o ~ ~ t  midday may 1)e correctetl 1)y 
a method of determining 16 and u about to  be described. 011 the other hand observ:~tio~~s from the 

hills in the forenoon seem, on the  whole, to be satisfactorily explained. T l ~ c  reason of this variation 
of t l ~ e  suitable times for applying the  method is perhaps as follows. I n  the p l i~ j i~s  a t  night t l~e'carth 
cllillx tllc lomcr layers of tlie air by actual conti~ct and conduction : the earth itself 11ei11,o cl~illed 
by radiation. 'I'he rcs111t is  that in  the lower layers of t l ~ c  air and to  a lleight t o  which the 
effect of diurnal conduction reaches, the  law of t e m p c ~ . a t ~ ~ ~ . e  is very different from \\,hilt 
higher. An inversion of t e m p e r a t ~ ~ r e  usually occurs, that  is t o  say the temperature rises, 
instead of falling, ~ i t 1 1  height, u p  to  :i certain hcigl~t .  'I'llis state of t l~inga call hardly oecur;over 
B nYonntai11. I t  persists ill the  plains because t l ~ e  cold air a t  the bottom is prevcntcd from s i ~ ~ k i l l g ,  
as i t  ~ ~ n t u r a l l y  ~vould, by the prescnee of tlie flat earth. 011 the n i o ~ ~ ~ i t a i n  top there is I I O  obstacle 
t o  the  cold air s i ~ i l t i ~ ~ g  down the  moiintain side. Now the i n v c r s i o ~ ~  of tcrnl)er:~tl~re is pro1~al)lp 
most marked a t  sunrise, when its causes have bee11 in operation the  l o ~ ~ g e s t  possible tinie. With  
the  rising of the  sun, the  earth hegins to  he rvar~~led,  and the  air in contact with i t  is warmed in 
due course. As the  warming continues the  lower strata of the air become as nTarm and then 
\r7arrner than the upper layers, and this warming no do111)t c o n t i ~ ~ u e s  in some cases 1111til the 
adia11:~tic gradient is reached or exceeded, when tlie lo!ver air riscs and the temperature gradiellt 
is modified I)y convection. 

Now it  is qnite impossible that  a temperature law of so few terms as we have taken which 
represents the general trend of the  temperature a t  considerable heights, can also represent a 

discontinuity 01. inversion near t l ~ c  earth's surface. On this account we niay foresee t11:tt the  
,I and v Process of calculating refraction mill not hold so 1o11g as this d iscont in~~i ty  exists. I t  is 
not a t  present possible to  s i ~ y  with \~l l i \ t  accuracy i t  may 1)e applied a t  no011 o r  2 P. ar. : 111lt figllres 
are given ill tal)lc X X S V  hascd 011 observi~tions itt both these hours. NOW in the  case of the 
obserr~ations from m o n ~ ~ t a i i i  tops, as we have seen, t l ~ c r e  appears to  I)e I I O  ohjectio~l to  ~ ~ s i r l g  the 
mctllod i n  the earlier hours of the day. Tlie observations I I ~  till noo~l  agree fairly well nnlong 
themselves ml~ile those which follow give s o n ~ e ~ v l ~ a t  diff'erent results. It may he that  t l ~ e  earlier 
observations give the  correct resnlts ~ v l ~ i l e  the  later ones, in the case we : I I * ~  considering, are 
vitiated 1)y the fact that  the  ray from which'we derive a relation I~ctween u and u, n a ~ i ~ e l ~  the 
ray down to  the plains a t  Nojli, e ~ ~ t e r s  strata of  air consideral)ly d i s t~~rbed  by tlie eo~~vect ive  
adjustments eonseque~~t  OI I  t l ~ c  heat radiated by the cart11 after nooll. 

3. Turning now to the special eases of the Nojli, h l~~ssooree  and Nag Tiba observations lye 
are faced wit11 the fact that  the value of 9 - w  determined by the Jlussooree-Xag 'l'it~a ray does 
not giv; a well conditioned equation of the  for111 of (06). Fu~ather, in  the. ease of the 01)servations 
a t  Nojli, we have only one condition, formed from the  rap to >,lussooree, since I IO observations were 
taken to Nag  Tiba. Failing a better metl~od, the  idea of the isothermal layer has been made use 
of. The isot11e1-ma1 layer has frequently been observed to occur iu  Europe a t  heights v a r y i ~ ~ g  



4 5 

a t \ v e c ~ i  9 . 6  an11 10 .9  km.* I n  the tropics there are fewer obser\,ations, but sue11 as have been 
made iurlicate that  the litper is higl~er-between 17 and 20 1tm.-in the tropics than i t  is ill tile 
temperate zones. I I~ave assumed as a worliing llypotlrcsis that  i t  always occurs a t  a Ileigtlt of 
35,000 feet above PTussooree i.e., 41,000 feet = 12.5 Iim. above sea level. 

(67 
The first conrli t io~~ for an isothermnl 1 a ~ e r  is (//I - = 0 at  the  I~ciglit of tlre l a ~ c r .  I n  the 

11otatio11 of Cl~apter  I 
(IT 

= ($),, + h, f$) 0 

= - n . l o - ? +  2 b~ 10-7 . . . . . .  . ('37) 
Hclice if this var~ibl~es a t  I ~ e i g l ~ t  H we Ira\.e 

cc = 2 b 1 1 . 1 0 - 5 .  . . . . . . . . .  . (98) 
P u t t i ~ r g  H = 35,000 we get C = -if- a - . . . . . . . .  . (99) 

I 

. 5-12 - I I  
u =fl- 1 = 

1 . 3 2 7  
fr0111 (65) 

wlre~lcc for r ; t l ~ ~ e s  a t  hlussooree rc. = -5-12 - 1.327 71 

6 =  ' 774 -  1.8'37~ . . . (100) 

\\'c also liavc from (81) 
I: = 3 . 3 8 ~ "  +.S8/! - /I 

= 3 . 3 8 ~ "  6 2 7 1 1  - . T i 4  ~ . . . . . . . .  (101) 

101) together with one eq~ihtion of tlre form (96) suffices to determine 

11e isotl~crrr~al layer as 35,000 feet ;~bove Mussooree 
lie Ireight of the isothermal layer varies ~r i t l l  seas011 

4, thc  mean of 1 3  European s t a t i o ~ ~ s  sirowed a variation betwoe11 9 .  1 Irm. 
in  C a r d l  ant1 11 a9 km. ill Octoher. Flirther (!I. 106 idem) i t  is pointed out  that varistious of as 
mnch as 5 km. lravc heen observed bet wee^^ the lrciglrts oil s~lccessive days. Yet the meau values 

tancy. Now it  can bc see11 a t  once, with a few compntations, that  the 
ciglit 40,000 fcet instead of 35,000 feet does ]lot cirauge the deduced 
11 t l ~ c  cahc of the rays to tlre snorv-peaks the change is o111y ON.G. I f  tl1e11 
corrcct to two or three ~)ililes, i t  \rill be satisfactory. Tlrc frt~llt iu olir 
c likely to be that the tcmperatiirc cl~anges hefol-e tlic isotl~crmal layer 

are s o ~ ~ r e w l ~ a t  irregular and callnot he a c e ~ ~ r a t r l y  rcprescnted by s11c11 a simple law as 
t col~sider the equation, of which (101) is a ppecial cnse, as only afTord- 
v a l ~ ~ e s  of ?r anrt v,  and makc use of i t  only ~vllcn no  'otl~cr means of 
is  d~ta inable .  If, for ir~stancc, we had data of the temperature gra- 
r io~ls  IIOUI-s aud seasons, up to height of some 20,000 feet, we shol~ld 
crence to (101). Such observations as have been made do lrot givc 

gradient at specified I~ours.  Tlrc only ones kt~o\vn to  the author arc 
port Field makes tlie following statements nit11 regard to observat io~~s 
3)-"?'he temperature gradient (in Mag) by day nras alwars above 
turaterl air, and even a t  night was above it." P. 20 (3)-" The tem- 

perature gradierrts (in Angust a ~ ~ d  September) mere considcrahly smaller than i n  May, anti, 
ere always below thc  adiabatic gradient for unsaturated air, ever1 

S e e p ,  8.103, B.A. lleport 1 WQ, \Vint~ipeg. t S~eMemuivs of the h~~tcorologiral Drpnrtment Vol. XX Parts 1,11, VII. 
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These two extracts explain wlly we get smaller val~ies of n - w  ill ;\lay than \\,c (lo in the 
autumu (see tables S V I I  autl S V I I I )  ; and agree with tlie o t l ~ e ~ ~ w i s e  observed fact that refrac- 
tion is less in spring thall ill autulnll. More observations of tlie same kind \vonld throw furtlier 
light on refraetion. 

6 .  The proeednre followctl is I IOW indieatetl in the ease of the observations taken a t  
Mussooree ill November 1906. 

Tlie first step is to form the co~~di t ion  
+ = n - a) 

a t  the several liours of obsel.vatio11 for the ray to  Nojli. I t  is Iiardly iieccssary to state that 
the solution of t l ~ i s  eqnation and (101) call ouly be applied to observations to  other points, lrrkeu 
nt the sn111e tinte. W e  call Ilowerer seieet several days on ~vhieh a t  a p:lrticular 1101lr o1)servations 
mere takeu to several of the poillts wit11 which we are (lealing. 'Sl~e mea~ls  of tlie elcvqtiolls, 
temperatnres, ete., can then be nsetl as tl~oiigli they repre re~~ted  a more precise set of observatious 
than ally s i ~ ~ g l e  set of tlie actual ol)servntions. 

The tlates selected a t  the various.l~ours are given in t a l~ le  S I X .  111 tal,lc SS the meall 
values of observed pressure, temperature ant1 l~un~i t l i ty  are slron,n. F r o n ~  these the valncs of 
mi,  o, give11 in table S X I I  are coml)uted a~itl tlie val~les of n - o given in the s:~me ta l~le  arc 
cledueetl, takiug the true valiie of a for hlussooree to Xojli to be - 1" 46' I l" .T (ace Cllal~tcr 11 
24). 

n lolls W e  call now form tile equ t' 
139.61c + 5 . 0 ~  = 2 5 . 1  at S li0111.s 
1 3 6 . 6 , ~  + 4 . 9 ~  = 34.5 ,, 10 ,, 1 . . . . . . . (1 02) 
133.3lc + 4 . X v  = 23 .1  ,, 12 ,, 
136.7 a + 4.9 v = 13 .6  ,, 14 ,, 

Elimil~ating v by means of (101) we get quadratic equations giving the values of 16. Tile .s))~cr?le~. 
root is taken and then, by (lo?),  the corresponding value of v is Ibnntl. 

Values of u and v, so deduced, are gireu ill table S X I .  With  these valnes we for111 the 
quantities 16 a, + v o, or - w for the appropriate times for the ol)servatioas to  the s~~ow-pealis,  
and so arrive a t  the values of a or E, - fl for these observatiolls. 

Ilfu.s.roorcc obuerrc~tionn. 
'l'A13LB S I X .  

I4 

Oet. 31 
Nov. 1.2,.5,7 

... 

21,22 

lo , ]  7 

I 6 

26,27,29,30,3 I 

... 

Hour 

- 
164 

. . . 

... 

... 

. . . 

. . 

26,30 

... 

- 

1906 
- 

1907 

1907 

1908 

1908 
-- 

1908 

1909 

12 

%3,5,?,8 

20,22 

I 8,23 

109x7 

I 6 

24,26,27,29,30 

S 

8 

1,2,3, j,7,8 

8,15,1 g,zo,z3 

19,20,22 

I O,I 7, I 9,zo 

16 

24,26,27,28,29,30 

8, I 0, I 2, I j, I 6 

- 

NOV. 
-- 

April 
-- 

N O ~ .  
-- 

RIar. 
-- 

April 
- 
Oet. 

-- 
April 

10 

1,2,3,5,6,7,8 

15,20,22,23 

X X , I  9,20 

10,16,17 

I 6 

24,26,27,28,29,30 

8,15 
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I t  is to 1)c remarked that tlre obserratioiis to Nojli It. S. aird Nojli 'l'owcr 11nve bceu 
con~birred. '1'1111s if there were observatiol~s to llotl~ statiolrs on ally day, t l ~ c  observatio~rs to the 
'J'ower were reduced to ternis of the louc~.statioil I)? eol~l.c~cti~rg for lieiglit of 'J'ower slid i~icreasing 
the dcl)ression by 0".3 to take aeeo1111t of the fact that tlre 'l'oye~. statioli is s o m c ~ ~ h a t  fG~.tIrer from 
Ivf~lssoo~~ee t11ai1 tlre lower statiol~. 'I'lris dolre, tlre 1nea11s of tlre rcsl~lts rcdl~ccd lronl 'l'oncr 
and R.S. on that dnp gave a result of iml~rovcd ~r~~ccision. 'l'lre mcalls of tlie 1.esi11ts of tlre several 
days wc1.c next taken, each (la! of eol~rwe bci~rg t~,eatcd as of equ:~l weight. 

So 1o11g as the Ireigl~t of tlre ol~scrvctl ol~jcet does I I O ~  clrairge tlie ~ a l i l c  of I:', - f l  s11ould 
1)c the same by :ill i l ~ c  deductio~rs. Co~~sideriirg first tlre rase of X : I ~  'l'iba, we lilld v:~lues 
eomcwlrat diffcrellt from 3 O  12' :'if'. I ,  tlrc vallic tleeidcd ~ J I  ill $84,, Clreptcr 11. 'l71e secoirtls of tlrcsc 
vi~lues range frori~ 22".5, obscr.vetl wit11 a 12-i1ic11 tlieotlolite : ~ t  I :! 1ro11rs in Al~ril 1907 to 34"*X 
ol~ser~.etl wit11 all 8-inclr tlreodolitc at 14 11o11rs ill Octo1,cr 1908. l Iris lalrgc of 13".3 is to I)e 
coiisiderecl as attril)utal)le to crrors of obscr~at ioi~ to Kag l'ibx, differcrrccs of gl-atluatio~i crrors of 
tlre various i r i s t r~~~ne~ i t s ,  similar erro1.s ill the ease of the observntio~is to n'ojli O I I  n11ic:lr tlrc 
clcductioli of .12 - 61 depc~~tls,  ;IS well as i111y shol.tcollrii~gs of tile nretlrods of cornl)util~g tlre 
rcfractio~l. 'J'lie variation I2".3 could ~vell I)e ;~ttribi~tcd to tllc first two causer, so tlrat i t  ~a1111ot 
fairly be nscd as all t~rgumel~t  agai~lst tlre mellrod crf cletlueil~g the refraetio~i. 

So far as tlrc ~ l ~ s e ~ ~ v a t i o ~ ~ x  at 3411ssool.cc are eo~rcerncd we can ca~rsidcr to nlrat cstelrt tlre 
rt:slilts-\~allles of E, - f l ,  or a , - -are  ~ i l t i ~ f i ~ ~ t ~ r ~  I)? co~~sidel- i i~g the valaiatioir ill tllc a~rglc a or  
ill the lieiglrts wllicll are ded~rciblc from ~ I I C J I I .  Ijut to  ii~stitnte a ctrmliarisoir wit11 tlre rrsults of 
tlie observatialrs from S a g  l'il~a :111d R'ojli, i t  is ~recessal.y to  col~sidcr tlre deduced Ircigl~t. 
liefore ~ n a k i r g  tl~esc dcductiolis the obsel.vations from s a g  'l'iba all(] Sojli  ni l ]  11e eo1rsidci.ecl. 

G .  'l1al)les, similar to tahlcs S I X  to X S I I ,  wlricll 1.efe1. to Kag Tiba a~ltl Nojli arc 11o1r 
give11 witlro~lt furtlrcr e x ~ ~ l a ~ i a t i o ~ .  

1\'09 'li'lu obsert:alioas. 

'l'A13L15 XXI'II. 



'I'ABLE XXVI. 

P o i n t  
o l~sc rvcd  S o j l i  Mussooree Bnndnrpunch S r i k n ~ l t a  Jnon l i  K e h r n n t h  

H o u r  8 

I -3Q"eO 

n 10 . / i  3 ... ! 3 1 2  

3 2 2 3 2 3  4 3 

. . . . . .  -1 151.2 145.6 1G.2 26.9 . . . . . .  101.4 3i .6  9i.4 126.1 121.6 111.1 134.3 113.7 110.4 183.1 147.4 ... 
... h *¶ +8.3 +7.8 +7.8 +0.4 -1.1 -4.8 -4.8 -5.7 -6-4 -5.4 -@13 -6.SJ -0.2 -8.6 -8.1 . . . . . .  

0 , t, g EC -3: 8.7 17.3 31.7 -3 5()33'!8 . . . . . . .  ? d 2 8 ! b  29.6 38.3 b 3i!l 29.8 30.0 i 3 6  15'!g 41.6 41.0 $ j 5+!4 67.6 ... 
El -o  -5049.3 50.6 64.7 -3 2061.1 . . . . . .  2 52 52.2 56.8 55.7 'L 331.7 32.7 34.3 2 2 8  48.2 48.1 47.8 2 632.9 38.2 ... 
n-r  + l i e 9  15.5 11.4 +3 .2  . . . . . .  12.8 1 1 . 2  9.5 15.3 14.0 11.1 . 15.01 13.8 12.3 18.6 17.1 ... 
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1 j l  1 lG.f 

Ee-R 

a 

-1 

1906 2 t l  al-cll '9  

1 907 A1 :1rc11 25, 26, 2 s  25 25 

1900 January ... 23 2 S 

-1 106.1 

3 + 4  

153.7 

+8.4 
C , I, 

-3 7 5.0 

-2 0 47.1 

+10.0 

-1 10 6.1 

4 

161.1 

+8.3 

-5 7' $!G 

-2 945.0 

+21.1 

-2 100.1 

'2 

... . . I 
I 

25 2 5  

... 2 8  

I 

1:. 

F:c-w 

n - o  

Ice-n 

?z 

-1 

6.1 

... 

... 

... 

... 

... 

... 

... 

3. 

147.3 

+7.9 

12.6 

47.8 

18.3 

6.1 

E< 
S, 
4 6 - w  

n-, 
Ec-n 

6.1 

2+4  

147.7 

+8.0 

19.0 

64.7 

11.4 

6.1 

... 

... 

... 

... 

... 

... 

... 

-321  4.3 1 . . . . . .  

4 

26.3 

+0.4 

31.0 

57.7 

?.5 

0.3 

. 
... 
... 
... 
... 
... 
... 

3 

3i .3  

+0.4 

-;zit 3d:9 

-320  68.6 

+3.4 

-3 21 2-0 

2 

26.9 

+0.4 

-0326311a 

-3 3969.1 

+3.7 

-3 21 2.8 

... 

... 

... 

... 

... 

... 

... 

2 .  

26.2 

+0.4 

32.3 

60.5 

3.2 

2.7 

8 62 39.0 

4 

103.O 

45.6 

... 

... 

... 

46.3 

3 

90.0 

-4.9 

-5.2 1 ... H 5i3i!4 34.5 

60.4 

10.1 

50.3 

... 

... 

... 

... 

... 

... 

... 

3 53 60.6 

12.7 

2 53 43.9 

3 2  

101.3 

-5.1 

P 6k3$!1 

2 62 68.9 

13.2 

2 6245.7 

? 3 16.5 

4 

128.2 

-5.8 

... 

... 

... 

08.7 

-4.9 

38.0 

06.1 

12.2 

52.9 

i b 4l'k 

2 3 30.2 

15.8 

2 3 23.4 

18. i  

... 

... 

... 

... 

... 

... 

... 

22.1 

3 

123.2 

-6.5 

40.3 

42.6 

12.4 

30.2 

... 

... ?::: ,,, 

l L 44';s 
2 3 4 i -1  

16.5 

2 3 27.6 

2 

124.2 

'-6.7 

53;.18!'9 

2 2Y 61.4 

16.3 

2 2846.2 

2 28 33.2 34.3 

.. 
... 
... 
... 
... 
... 
... 

36.6 

4 

131.4 

-6.4 

2 .  

121.1 

-0.4 

68.7 

64.0 

16.0 

40.0 

3 

126.4 

-6.8 

9 36 5 6 3  

2 28 66.7 

15.6 

2 38 41.1 

15.7 

48.4 

16.2 

55.2 

60.2 

12.4 

47.8 

.. 
... 
... 
... 
... 
... 
... 

... 

... 

... 

2 5 14.4 

3 

155.6 

-8.8 

... 33.2 ( 

i + 7i!0 

Z 6 45.2 

10.2 

3 5 26.0 

... 

... 

... 

... 

... 

... 

...' 

-8.0 

2 t 7 6 1  

2 8 45.7 

19.9 

2 6 25.8 

211. 

... 

... 

... 

-8.2 

70.4 

49.5 

18.4 

31.1 

... 

3 

140.6 

-8.3 

... 

... 

... 

... 

i l . 9  

GO.6 

16.4 

35.3 



TABLE XXVIII. 

TABLE XXIX. 

Hour I 8 12 14 1 s t  

v v v 14 V 

... 2-53 . x o ; ~  0.315 . 0 0 0 ~ - 0 . 6 ~ g  ... ... ... 
3-40  -2580 1.118 -'008i -0.709 - '0305 -0.845 -0018 -0'520 

1909 Jan. ... ... '3034 0 -46  -0615 -0.277 -0234 -0.522 ... ... 

-'0036 -c.68 -00x8 -0.520 4 I 

Hour 

1906 Mar. 

1907 Mar. 

1909 Jan. 

1 4, 16 $ 10 8 

------ 

-40 

13 

28-97 

29-11 

29-30 

-2qzg.07 

-5029.19 

28.93 

29-05 '30 

. . . . . . . . .  
78-2 

61.5 

'2429-oq 

-32 

----- 

28.96 

29-11 

29.2j 

. . . . . . . . .  

77.4 

. . . . . . . . .  

71.6 

74.0 

49 -5  

---- 

59-8  

64.2 

. . . . . . . . .  

H t z u N w H t z u H t z u H t ? u  

77.4 

77.2 

56.2 

-46 

-45 

-86 

.65 

068 
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7. For the computation of heights vallles of X are given irl table XXXI: also the angrllar 
values in seconds of one foot, which enable us to compute at  once changes of hcight due to small 
changes of angular elevation. The values of X have bee11 conlputed with the help of table VII 
as was done in Chapter 11, $6. 

'llABLE XXX I. 

Values o/? X and the angular values of onefoot .  

8.  The computations of heights, for statcd values of a, from the formula 

which is derived from (67) and (68), are give11 in  the next three tables. Log c is taken from table 
VII, and a value of a is selected in each case which is close to the values obtained in tables XXII, 
S X V I  and XXX. 

Nojli Tower 

Mussooree 

Nng Tiba 
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IIussooree 

3bS7*6  
// 

0.851 

. . . 

4 36!'1 

<95 

Nojli R.S. 

. . . 

-- 
I N 

39 57 '5  

0 */b5 I 

4i 33P2 

/I 

0 . ~ 0 0  

Nag Tiba 

/I 

4 i 3 3 . 4  
// 

0 . 7 ~ 0  

d 36:1 
/I 

3 - 9 5  

... 

Jaonli 

0 I // 

1 2 4 1 5 - 2  

o"03 

46 551:~ 
/I 

0 '723  

3$ 4[6 

Bandar- 
pullch 

0 / I/ 

1 2 0 4 9 . 5  
IY 

0.420 
- 

r N  

4058 .8  
// 

0.829. 

I N 

32 24. I 

I<edarnatli 

0 I /I 

1 3 0 2 6 . 8  
N 

0.375 

// 55 18.3 
// 

0.613 

4b 56'1 

0 ~ 6 ~ 2  

Sriltal~ta 

0 // 

I/ 

0.391 

I I/ 

48 10.4 

oo704 

r /I 

40 22.0 
u 

0.840 



(a) 1$'rom Ny0li Tower. 

A, Here A, = 937.0 feet and 1 + - = 1.00004.5. 
K 

TABLE XXXII. 

- . 
Balidarpur~ch Srilranta Jaonli Kedarrrath 
- 

0 ,  /I 0 # N 0 / /I 9 3i 5OU a I 22 30 1 38 o = 32 30 
X 

a + ~  z 19 14-8 2 5 52'5 2 20 7.6 2 17 43'4 

a + %  5z 59 39'5 2 49 1.5'0 3 z 15.2 3 2 56.8 
8 

- - 
( ) 2.6073922 

- - log sill a + - 2 -563 5686 2.6101266 2.6026 I 76 

log sec (a + X )  0 ' 0005934 0.0005265 o.0006106 0.0006153 

log (1 + &) 0~0000196 o.oooolg6 0~0000196 0~0000196 

log c 5' 6907758 5' 7217874 5' 7092623 5' 7403184 

Sum = log h 4-  2987810 4 '  2859021 4'32001g1 4 ' 3435709 

A 19896.7 '93'5.3 20893 ' 9 22058.2 

h a  937 '0 937 '0 937'0 937 '0 

Height above 
20833 ' 7 zozjz.3 21830.9 22995.2 sea-level 

b 
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(b )  From Mus~ooree. 

Here h,, = 6084.4 + 886.7 = 6971.1 feet and 1 + = 1 -000331.. 

TAHLE XSXIII.  

Digitized by Microsoft 0 

a 

a +-3 
a +  % 

10% sin ( a + +) 
log sec (a -+ X) 

l o g ( l + - $ )  

log c 

Sum = log h 

A 

A, 

Height above 
sea-level 

13andarpnnch ( Srikanta 1 Jaonli 1 Kedarnath 

0 ,  

2 50 3d 
3 10 59.4 

3 31 29 

- 
2'144j134 

o.0008~23 

0.0001450 

5.3959167 

4']4I3974 

13848.3 

6971.1 

20819.4 

- 
0 1 /I 

2 35 10 

2 58 37.6 

'3 22 5 

- 
2.7 154770 

0.0007 j08 

0 '000 1450 

5 ' 4555308 

4'1719036 

148j6.1 

6971.1 

21827'2 

0 , H  

2 1 1  10 

2 35 15.2 

2 59 2' 

- 
2'6546194 

0.000gg12 

0. 000 1 450 

5.4667208 

4' I 220764 

13245'7 

6971.1 

20216-8 

0 1 1  

2 15 20 

2 42 59.2 

3 '0 38 

- 
~ ' ~ 7 5 7  155 

0~0006681 

0 000 I 450 

5.5271726 

4'2031012 

15984'6 

6971'1 

22955' 7 



TABLB XXXIV. 

. Peak Bandarpunch Srikanta Jaonli Kedarnath 

0 t a 0 ' I/ /I 

a b;2' 40'/ 2 3 20 2 28 30 0, i 20 
X a + - -  3 8 54'6 2 23 31.0 2 48 22.3 2 29 48.1 
2 

a + X  3 25 9 2 43 42 3 8 '5 2 54 16 
- 

- - - - 
log sin ( a  + &) 2.7397625 2- 6 205023 2- 6898215 2' 639 1054 

1% see (a 3- XI 0.0007738 o 0004926 o 00065 15 0.0005582 

1 0  (1 ) 0'0002073 0.0002073 o.0002073 0. 0002073 

log c .5' 295'554 5'3900718 5' 3836287 5' 4742023 

Sum = log h  4 0358990 4-01 12740 4.0743090 4. 1140732 

?L 10861. 7 10263.0 I I 866. I 13003' 9 

A' 9963' 2 9363' 2 9963'2 9963'2 

Height above 20824'9 20226.2 21829.3 22967- I sea-level 

9. We can now readily deduce the heights for all the values of E, - 8 given in tables 
X X l I ,  XXVI and XXX by means of the angular values of 1 foot given in table XXXI and tbe 
values of height found in tables XXXII to XXXTV. An example will make the process clear. 
The selected value of a in table XXXIII  for Bandarpunch is 2' 50' 30". The value of E,- 8 
found for November 1906 at 8 hours from table XXII is 2' 50' 33".2: so that the excess is 

3.2 
da = 3".2. Now aN.2 corresponds to - = 3.9 feet, since ON.829 corresponds to 1 foot. 

0.829 
Hence the dcduced height is 20819.4 + 3.9 = 20823.3 feet. I n  table xxxv all the values of 
da and the excess dh of deduced height above the various heights stated are given. Thus for 
the case me have just considered we find the cntries 3'*2 a i d  23.3 feet. 
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TABLE XXXV.-Values of da (italics) in seconds and dh in feet. 

Jaonli 

dh - Height - 21800 

Srikanta 

dh - Height - 20200 

,. 

Peak 

Hour 

... ... ... . . . . . .  November + 3.2 - 0.6 + 5.3 + 3.7 - 3.1 + 5.1 + 6.6 + 5.1 + 1.0 + 7.0 +11.3 ... ... ... ... . . . . . .  1906 +23-3 + 18.7 +2j.8 +22'1 + 12.4 + Z J ' O  +26*2 +34'3 +28.6 +36.9 +42.8 ... 
. . . . . .  ... . . . . . .  . . . . . .  + 8.7 + 2.8 + 7.4 + 9.7 + 5.8 + 8.6 . . . . . .  . . . . .  ... ... + 29'2 + 20'8 +27'3 +40.6 +35'2 +39'0 ... 

... ... ... ... ... + 4.4 + 2.7 + 4.4 + 8.8 + 3.2 + 4.2 ... ... +23'1 + 20.6 +23'1 +29.3 ... ... ... 
... - 1 . 7  - 2.7 + 1 .5  + 4.3 ... + 6.1 + 1.6 + 4.8 + 7.3 ... ... ... ... + 14'4 + 13'0 +18'9 +22.9 ... +35'6 +29.7 +33'8 +.?7-3 ... ... ... 

... , , . . . .  . . . . . .  April + 2.7 + 5.7 + 6.4 . . . . . .  - 1.0 + 5.1 + 7.1 - 4.2 + 4.1 + 7.9 .,. 
1908 +22'7 +26'3 +27'1 .. + 15'4 + 24.0 +26.9 . . . . . .  + 21.4 +32'9 '38.1 . . . . . .  ... ... --- ---------- 

... 

... 
+ 11.8 ... . . . . . .  . . . . . .  . . . . . . . . . . . .  ... ... .. . . . . . . . . . . . .  ... . . . . . .  ... + 74'9 

Bandarpunoh 

dh - Height - 20800 

Kedarnath 

dh = Height - 22900 

8 

... .. 
. . . . . .  . . . . . .  

Nojli 

* 

8 / 10 

March 
1906 

March 
1907 

Jannar~ 
1909 

-14.1 - 4'1 

. . . , . .  

. . . . . .  

8 1 10 1 
' 

8 1 10 10 1 12 I 14 / 164 12 1 14 I 164 

NrgTibn 

+ 6.6 
+47'3 

-23.9 
-25'9 

-61.4 
-96.6 

. . . . . . . . .  

. . . . . . . . .  

. . . . . .  

. . . . . .  

I4  I 161 

-24.1 
-23'7 

-43.1 
-68.9 

... ... 

12 1 14 I 161 

, , . ... 
- 35.3 
- 38'0 ---- 
- 68.2 
- 1 2 2 ' 1  

+ 0.7 
+32'6 - - - -  
+ 4.0 
+qo-8 

+ 6.1 
+46.0 

... ... 
- 3.9 
+ 84.8 

+ 3.9 
+ 105.6 

+ 9.8 
-I-57.0 -- 
-32.4 
-43.4 

-50.7 
-87'0 

- 1.6 
+29'9 

+ 2.0 
+38.5 

&lay 
1906 

Nay 
1907 

April 
1908 

.., ... 

... 

... 

... ... 

- 3.8 
+42'6 

+ 3.4 
+61.0 

+ 8.6 
+52'2 

- 0.4 
+ 29-9 

- 2.9 
+87'5 

-63.7 
-74'7 

. . . , . . . , .  . . . . . . . . .  

----------- 

... ... 
- 8.0 
+73.9 

+ 0.3 
+96.0 

+ 6.2 
+48.5 

+10.5 
+j8'7 

- 0.1 
+ 24.8 

+ 3'9 
+28.6 

+ 6.7 
+30.4 

, . . . . . . . .  . . . . . . . . .  

+ 10.2 
+78'4 

. . . . . , , , . . . .  . . . . . . . . . . . .  
+11.4 
+60.8 

. . . . . . . . .  , . . . . . . . .  

+ 5.6 
+.z0'3 

... ... 
+13.9 
+37'2 

+ 6.2 
+30'8 

t 1 0 . 3  
+34'8 

. . . . . .  . . . . . .  

. . . . . .  
------ 

. . . . . .  
. . . . . . . . .  . . . . . . . . .  

- 3.5 
+ 2 2 ' 0  

+ 3.4 
+30'2 

+ 7 '6  
+35'2 

- 1.3 
+ 24'7 

... ... 
+ 13.2 
+ 41'9 

+ 2.1 
+28'7 

+ l o  2 
+38'3 

- - _ _ . - - - - - - - -  

. . . . . . . . .  . . . . . . . . .  

. . . . . .  . . . . . .  

. . . . . .  

. . , . . .  

+ 3. + 4.3 
+3,3.1 + 3 j S 3  

... i-i- +11.1 

... +42',3 

+15. +19,0 
+47.1 +51*6 

+ 5 '5  
+35'7 

+17. 
+50'2 

. . . . . . . . .  

. . . . . . . . .  

. . . . . .  . . . . . .  

. . . . . .  

. . . . . .  

- 5.6 
+59'0 

+ 6.0 
+75'8 

+ 5.8 
+75.5 

+ 1.1 
+68.: 

... 

... 
+11.1 
+83'1 

... 

... ----- 
+16.2 
+89.1 

... ... 

... ... 

... ... 

... ... 

... 

.., 

... 

... - 

.., 

... 



From observations at Mussooree at 
Mean value of dh 

for 8 hours 10 hours 12 hours 14 hours 

Bandarpuncli ... 25-6 23.9 26.6 30'7 

Srikanta . . . 23'7 22.7 28.2 32.0 
- .- - -- 

Jaonii ... 38.5 38.1 42 '7  46.8 

Kedarnath . . . 54.8 57.5 59'6 70'0 

-- - -. -- . - .  

Mean ... 35'7 35'6 39'3 44'9 

., 
The last column is found by taking the mean of the differences of the 14 hour observations 

from the mean of 8, 10, 12 hours, year by year, and adding to the general mean of 8, 10, 12  hours 
for each peak. The observations at 16b hours in October 1908 give values of the height believed 
to be too high: and the reason for this is probably that the lower air is beginning to be cooled 
by the earth, and the temperature gradielit is accordiugly being disturbed. When the temperature 
is falling, is the most unfavourable time for the application of our formulae. 

I n  the Nag Tiba heights there are too many gaps in the observations to allow us 
to  treat them in quite the same way. We can however take out the mcan differences of obser- 
vations a t  10 hours and 12 hours from those at 8 hours and then fill up the gap. Then to Ban- 
darpunch the two differences 5.5 and 6 . 8  are found between 8 and 10 hours. Of these the mean 
is 6 .2  which, added to 28.6 gives 34.8. Again we have the differences 6.0, 6.2 betweed 8 hours 
and 12  hours, giving a mean 6 . 1  which added to 30.4 gives 36.5. 

( a ) .  From Nojli. The heights deduced at the earlier hours are much less than those 
deduced from the later hours; and the heights found from 12 and 14 hours are in fair agree- 
ment with the heights found from Mussooree and Nag Tiba, due regard being paid to the 
extreme length of the rays. These Nojli heights are on the whole a little greater than the 
Mussooree and Nag Tiba heights, a fact which may be due to their having been observed earlier 
in  the year. This may also account for the January heights being greater than the March 
heights. 

( 6 ) .  From Nag Tiba. Thc heights deduced from 8 hour observations are distinctly less 
than those deduced from 12 hour observations. 

( c ) .  From Mwssooree. Here also the 8 hour heights are less than the 12 hour heights, 
though this is not so marked as in the casc of Nag Tiba. The fact is brought out with more 
certainty on taking means. I f  this be done for all occasions on which observations were made at 
the three hours 8, 10, 12, we get the following results :- 

TABLE XXXVI. 



Proceeding ill this way we form the next table. 

TABLE XXXVII. 

Both tables XXXVI and XXXVII show the same tendency for the heights determined a t  
the later hours to be greater than those determined at the earlier hours. Bforeover the heights 
determined from Nag Tiba exceed those determincd from Xfussooree by a mean amount of 9.7 
feet. This discrepancy may be partly due to an incorrect value in the assumed ~lumb-l ine 
deflection at Nag Tiba. Another possible explanation is given latcr (see Q 13). I t  may also be 
due to a true difference in height on account of snow*. 

Mean value of dh 
for ' 

Bandarpunch ... 

Srikanta . . . 
Jaonli ... 

Kcdarnath ... 

Mean ... 
Excess over IkZussooree 

a ion determin t' 

11. The height of a snow peak is liablc to  change; increasing with deposit of fresh snow 
and diminishing when the snow melts, slides down the hill sidc or is blown away by mind. It is 
not to be cxpected that the height giveti by observation should rcrnain the same from season to 
season and from year to year. On the other hand 110 figures appear to be available showing the 
amount by which the height varies. This variation has been masked by the seasonal variation of 
refraction: and i t  is only after the retraction has been take11 account of with considerable 
precision that the variation in actual height can be discussed. 

The figures in table XXXV do give some evidence as to such a change. The fairly good 
accordance between observations from Mussooree at the same season but reduced from observations 
a t  different hours, leads us to suppose that the relative height of the same pealc at various seasons 
is fairly well established, provided we usc the ohse~.vatious taken a t  the same hours. For the 
observations at the several hours appear to  differ in a regular mant~er when the meam of sufficient 
observations to reduce observation error to a small probable amount are taken. As will be 
shown in Q 13 there is some reason to attribute the differenccs in height determined from 
observatio~is at different hours to differences in illuminatiou of thc peak observed, so that i t  is 
possible that the differences occurring in table XSXV at the same seasoti are due to this fact 
alid not to refraction. We mill assume that such is the case. 

Consider then the mean of the heights found at 8, 10, 12 hours at Riussooree and Nag 
Tiba and the mean of heights found at 12 and 14 hours at Nojli at the several seasons. 

* Dr. Walker, Director General of Observatories, in n letter dated March 1913 says :-"In some parts of the northern 
Himalayas apparently most of the snow falls in April, but on the N.W. frontier Inoat of the snow-fall ia  in February, 
probably ". 

From observations at 
Nag Tiba at 
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8 hours 

27'9 

29.1 

40-8 

70.1 

42'0 

6.3 

10 hours 

34'1 

33-8 

43.7 

78.8 
---- -- 

47.6 

12.0 

12 hours. 

34'0 

36.5 

46.1 

83'4 

50'0 

10.7  



Forming the means of the obscrvations at  8, 10, 12 l~ours  for Mussooree and at  8 ,  10, '12 
hours a t  Nag 'Ciba; and a t  12, 144 hours at  Nojli me get the following values arranged in 
chronological order : 

TABLE XSXVIII .  

Considerirlg the figures in thc last column rre find changes whicl~ in the main could be 
attributed to snow fall. Thus No. 3 is higher than No. 2 oo account of winter snows. A 
decrease takes place between Nos. 3 and 4 due to melting of srlow i l l  April. The increasc in 
No. 5 may be attributed to April snow-fall alluded to at the end of § 10. 'l'he same feature 
occurs ill Kos. 7, 8, 9. Nos. 9 and 10 sho\v a smaller dccrease during the summer than 
occurred between Nos. 5 and 6 and the reality of this is upheld by the following Nos. 11, 12, which 

I a maximum in January. I t  is to be remarlred that the summer of 1908 was el~aracterised 
by a specially heavy rain-fall during the monsoon a t  hlussooree. 

No  doubt .January observations mould usually and rightly show a greater height than those 
of other-montlls. Unfortunately we only have January observatio~ls in the year 1909. 

o 

m .- - 
0 
rn 
- 

I 

2 

3 

4 

5 

G 

7 

8 

9 

10  

11  

The increased height in October 1908, January 1009 and April 1909 is certainly the most 
notable feature of the variation. But even hcre the changc in height is not very large. I t  is a 
rather remarkable fact that the heights of the mean peak v e  have deduced between Riay 1906 
and April 1909 from three stations only show a variation in dl& from 30.9 to 64.3 = 33.5 feet. 
Excluding the last winter, the range is from 30 .9  to 54.1 or 23.2 feet. The rallge in 

Jlussooree values alone is 18.8. All of these ranges are considerably smaller than might well 
have been expected, so that there is reason to suppose that thc effects of refraction liavc been 
eliminated satisfactorily. It is to be remarked that 33  feet only corresponds to an a l~gular  
change of some IS" in the case of observations from Nojli to the peaks. 

Observed 
from 

- - -. - 

Sag l'iba 

Jlussooree 

Nojli 

bl~lssooree 

Nag 'l'iba 

i\Iussooree 

Mussooree 

IInssooree 

Sug'l'ibu 

Jlussooree 

Sojl i  

Digitized by Microsoft 0 

Date 

Blay l9OG 

Iiov.190G 

Alarcll 1907 

April 1907 

Alny 1907 

Sov. 1907 

J11rrclr1808 

April 1908 

SprillDOS 

Oct. 190s 

Jar~y. 1909 

, I 12 Jla$soo~*ee 

Jaonli Bandarpuncl~ No. of obser- 
rations for 
cOnditioll 

u W l + a W 2 =  

n- w 

2 0  

49 

5 

40 

1 3 

19 

29 

1 2  

7 

56 

4 

28 

Srikanta arean 

So. of 
obsll. 

8 

2 2  

4 

I;  

7 

13 

6 

4 

35 

J 

1 2  

Kedurnatli 

Xo. of 
obsn. 

8 

2 2  

4 

I j 

7 

lo 

15 

6 

4 

35 

4 

I Apri11909 1 2  

Xo. of 
obsll. 

7 

2.3 

1 

I ;  

; 

lo 

13 

6 

4 

3.; 

4 

1 2  

s o .  of 
obsn. 

to 
penks 

rc) 

8; 

13 

57 

27 

3; 

54 

a j  

16 

129 

16 

37 

Values 
of dh 

-------- 
34.4 

33.3 

46.5 

38'3 

46.4 

33'8 

3.4.0 

30.8 

50.5 

54.0 

38 o 

49'0 

So. of 
obsn, 

6 

20 

4 

1 2  

6 

lo 

13 

6 

4 

24 

4 

I 

I 
Values 
of d h  

I- 

28.6 

22'6 

39'2 

24.1 

32.8 

z;'.? 

19.2 

25.4 

34.8 

33'3 

48.6 

.zc).j 

Values 
of d h  

25.1 

19.; 

5 1 - 3  

8 

34.6 

22.3 

1 j . 4  

22.1 

40.3 

36.7 

69.7 

32'4 
. . 

Values 
of dh 

35.8 

3.3.4 

j 4 . 1  

-38.3 

49.3 

.3.3'9 

30'9 

34.1 

52.0 

49.7 

64'3 

44'9 

Values 
of dh 

66.9 

58.3 

79.4 

61 .0  

8.3.2 

j6 .4  

56.2 

58.3 

82.3 

75.1 

100.8 

68.9 



12. A curious fact exhibited by the Kojli results, is that apparently the diurnal ckange in  
refraction is less in absolute amount iu the case of the rays to the snow-peaks than it  is in the 
case of the ray to Mussooree: notwithstailding the fact that tlie total refraction in the former 
case is a t  midday about douhle that in the latter. This is explained to some extent, but not 
completely, by the fact that the rays to the peaks are not so oblique to the strata of the atmos- 
phere as the hlussooree ray. 

Let us dcnote by 1R. and 1R. + d R  the refractions at different hours on a certain ray 
proceeding to a given height /L above observation station, and let dashed letters represent corrcs- 
pondii~g quantities on anotller ray proceedii~g to lke sa?r?e height. Tlren if +, +' be the zenith 
distauces of these rays me have from (64). 

8 

0 2  Also by (63) since s cos + = h is the same for both rays O-? = - 
0, wl'. 

and since I = h tan 4, me have from (63) 
t a n +  --- = - - n1 tail 4' - k, say . . 

and in the samc may 
n q- d d  = ' k  (112' -k dfl) 

so that by subtraction 
dl2 = kdl2' . . . . . . . . . . .  (105). 

If  then we know the d~ference  of refraction on one ray, me can at once compute the 
corresponding difference of refraction of another ray of different inclinatioli to  vertical, which 
proceeds to the same height. 

W e  can apply this result to the case of the ray from Nojli to 3lussooree and of the rays 
i n  the direction of one of the peaks, up to the same height as Mussooree. That is to  say, me 
can find what variation in refraction is attributable to that portioil of tlie ray which does not 
exceed the height of hlussooree. The hlussooree and Nag Tiba results indicate that the diurnal - - 

change in the portion of the atmosphere above Alussooree is very small compared with that found 
in the plains. 

Taking d d  to apply to hlussooree and adding suffixes 1, 2, 3, 4 to characterise the four 
peaks we form the following table : dfl  being the difference in values of E, give11 in table XXX. 

Now taking approximate values of E, to nearest minute me compute the values of X.,, k,, k,, k, 
from (104), and get 

k, = tan lo 45' cot lo 8' = 1.544 
k, = tan lo 28' cot lo 8' = 1.294 
k3 = t an1°44 '  c o t 1 ° 8 ' =  1.530 
k, = tan 1'38' cot lo 8' = 1.441 

dlZ With these values we compute - also given in table XXXIX. 
k 



63 

TABLE XXXIX. 

(ER I t  is seen that in ail cases except t y o  the value of - is greater than the apparent values 
k 

n1 etc. I n  the higher part of the ray the discrepancy will be increased seeing that although 
diurnal change occurs iu the upper layers, yet the directioil of the ray entering these layers 

been altered by the diurnal change in the lower layers, and if the ray continues with the 
ure i t  had a t  the time of smaller refraction, yet the variation on the whole ray must surely 

reater than that portion of the variation arising from its passage through the lower layers. 

13. The apparent values of (En, etc. seem to be inesplicably small. However i t  may be 
t in taking the difference of E, a t  two hours we have ilot actually arrived a t  the variation i n  
refraction a. This would be the case if a different and lower point on the peak was observed 

earlier hour than was done a t  the later hour. Is i t  not possible that this has been done 
to t h e  difference in illumination a t  the two hours? The idea of the apparent positions of 

ations of a theodolite as viewed by a microscope being altered according as the illumination 
oile side or the other is one well lrnomn to users of these instruments. The snow-peaks 

are discussing, as seen from Nojii lie be t i een  32' and 53' east of north. The sun in March 
i l l  the  east almost behind them ; while in the afternoon i t  shines on to the faces directed 
or less towards Nojli. The actual numerical effect of this change in illumination, could 
be determined if we knew with some precision the actual shape of the peaks. W e  only 

the appearance of these peaks a t  distances of 40 miles and upwards, and a t  that distance 
o knowledge of the orieutatioil and iucliuation of the faces of the peaks. 
Another thing to be considered is t l ~ a t  the peaks are visible only when they show sufficient 

rast with the back ground. I n  some cases they are strongly illuminated and appear as 
t e  objects against the blue or grey sky. When the illumination is not from orerhead shadows 
cast and parts of the snow are well illuminated and appear white while other portions in 
de, appear darker than the back ground. I n  this case probably there are intermediate 
tions which are illuminated so as to appear of tile same brightuess as tlie back ground. Such 

rtions will not be visible as distinct from the back grolind.. I t  appears then that i t  is possible 
portions of the peaks may be lost in the back ground under certain conditions of illumina- 
. One condition for visibility is that there should be sufficient contrast betacell the hill and 

I n  the case of very long rays a ccrtain amount of diffused light will come from the 
o ~ p h e r e  in  front  of the  peak. This will tend to make the peak fainter and more liable to be 
i n  the  back ground. This is suggested as a rcason for the fact that the observations from 
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Nojli show smaller heights at  the early houl.s thau those a t  and after midday. The same k i ~ ~ d  
of reason may cause the  peaks to  appear lower from hfussoorce thaa they do from Nag 'l'iha. 
However this question is mixed up with that of the' variation in lleigl~t due to  snow-fall, and 
nothing can be said with certainty. It might be studied if simultaneous observations were made 
t o  the  peaks from Blussooree and Nag Tiba. 

14. As has been mentioned ill Q 2, i t  mas hardly to be expected that the u, v mcthod of 
calculati~lg the refraction conld give entirely satisfactory results in the case of observations 
from the plains. Yet i t  is believed on the strcngth of the results give11 in table XXXlX that 
the discrepancies between the heights deduced from observations a t  different hours from Nojli 
are by no means entirely d11c to fai1nl.e to corrcct for refraction: and the suggestion made 
i n  Q 13 seems to show that there may bc col~siderahle unccrtainty as to  the point to he inter- 
sected, on accoulit of unsatisfactory illumination. At  bcst a distant snow-peal; is a difficult 
object to intersect with great precision. 

15. Enough has been said to show that  the zc, v method of calculating refraction docs 
account for most of the observations with fair precision, i ~ u d  reduces discrepancies to  mag~litudes 
of the  same order as the instrumental errors. I n  our formule no notice has been taken of tllc 
effect of humidity on the chauge of refractive index p. The effect is not a large one but, such as 
i t  is, i t  is talien into account by the factors 16 and v, if these arc determined from observations 
of rays to known points. I t  appcaru, then, that i t  is desirable to find means of calc~llating a and V. 

We have already found values of ?c and v in  a may which is not ml~olly satisfactory. Two other 
methods appear to be possible : (1) actual measi~rements of temperature aud pressure a t  two or 
more heights, (2) observations to  celestial objects whose- refraction can be determined Both of 
these methods hare inherent difficulties, and mill be considered later. 
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The ~ i u r n a l  Change in Refraction, and the Calculation of 
Refraction from Barometric Readings. 

1. Allusion h ~ s  already beeu madc in Chapter 111 to the diurnal change in  refraction, 
ciog at  the values of E, in  tables XXII, XXVI and XXX and taking account of the sign 

n that the diurnal change from nlussooree and Nojli in general shows n decrease from 
our value to  a minimum at 14 hours. 

I n  the casc of Mussooree the descending ray to Nojli shows this effect more marltedly 
the ascending rays to Nag Tiba and the pealts : while at  Nag  Tiba the effect of t t ~ e  change in 

possibility of convective a d j ~ ~ s t m e n t  of temperature iu the case of the former, except by 
of rain percolatilig through it. 

nearly the same slope for observations to one point. The menn slope in the case of the 
rvstions to  M u ~ o o r e e  is greater than the slope in the case of observations to B a n d a r ~ u n c t .  
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3. There appears to  be no .reason 'foi kxpecting ' this simple relation between diurnal 
change of refractiou and temperature. I f  the relation is truly a straight line relation in thc 
case of observations to  both Mussooree aud Bandarpunch, i t  seems to  imply that on any given 
day both u and u must also be related to  the ,temperature by a straight line law. A; has been 
pointLd odt in Chapter I11 Q 13, there is some reason to believe that  the. actual summit of 
Bandarpunch is very likcly invisible at  the carlier hours, which renders this deduction from 
chart I11 open to question. 

4. If me take a set of observations on the same days a t  one season for several hours mc 
can find the most probable straight line which relates them. Thus if r and y  are the arguments, 
the  most probable line is 

subject to the condition that S (y - mx - c)% shall be a minimum. 

This gives 

and 

whence 1 c = -  7n 

n 8 1 - , Z r  

1 

1 > . . . 
1 (106) 

and ,= (; 2. % - 2") i {n (2x)t - xtl) J 

where n is the number of poi~its under discussion. This process has bcen applied to  the various 
0t;servation quantities, which are now tabulated. 

Diurnal C6ange : 

Most probable linear relation between E, and t 

When actual values are substituted we find value of this expression is A E  - m At where 
AE and A t  are the errors in E, and t. W e  now tabulate observed values of E,, 5, deduced values 
of rn and c  for each season and the quantities AE, assuming that At = 0 and At  assuming that 
A &  = 0. 

I 

Digitized by Microsoft 8 



TABLE. XL. 

Nojli H .  S .  to  Jfussooree. 

The qllantities AE,  At are of the order of errors of observation. I t  is to be remem1)crcd 
that Half the values given above are sufficient to explain the discrepancies provided that errors 
both in  E' and t occursimulta~~eously. The value of r ~ r  varies by some 20°/0, bcing consistently 
lower in hlarch than i n  December and January. 
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No. of 
Season Dates Hour . obsete- E. - lo 8' t 

vationa 
1 -  

- - .  I 

8 19 18;.8 4G.8 
10 14 98.9 67.0 

5:7~8  14 16 48-j 77-5 

in 

-4.930 

-4.442 

-4.811 
' 

-4'321 

-4.578 

-4.034 
• 

Mar. 
"06 

c 

430.8 

406.4 

421.4 

372'4 

394'4 

388.0 

Mar. 
14,15, [ 16* 

+G5 
-1.6 
+ I  -3 
-0'2 

+I-6 
-4.8 
-1.0 
+4*0 

3 
+4'9 
-4'3 
+0'7 

-2.1 
+2.0 

-6.1 
$6.; 

+1*7 
-4'0 
-0.2 

' +2'5 

~ 0 . 2  
-0.4 
+2'7 
-2.4 

I 

8 
10 
12 
14 

8 
10 
12 
14 

8 
Mar. 10 
1907 12 

14 

8 
. Jan. 
1909 

14 

-- 

-O?I 

+0'3 
-0-3 
0'0 

-0.4 
+ I * I  

+0'2 

-0.9 

4-0-3 
-1.0 
+om9 

- I 
-0'5 
+0'5 
+1'4 
-1.4 

' -0.4 
+om9 
0.0 

-0.5 

0.0 

+ O * I  

-0.7 
+om6 

5 
4 
4 
5 

6 
5 

6 
4 

7 

Mar. 
1909 

6 
6 

5 7 

168.9 
94'8 
52'9 
44'9 

65-6 
116.4 

44'8 
42'4 

172.7 

Mar. 
9,10,12 { 

52'2 
68.9 
75'7 
78'4 

70.5 
. 59.7 

74'4 
77.8 

48.8 

I 19-3 
59'6 

43'4 41'7 

8 
10 
12 

. 1 4  

62.1 
70.O 
72.2 

63.6 
77'7 
86.3 
86.0 

65.0 
77'0 

81..5 83.0 

7 
5 
8 

7 
6 
6 
6 

. 106.1 
73'7 

. 66.3 

131.6 
' 74.1 
42.5 
38.6 



TABLE XLI. 

Nojli I<. S. to Bandarpunch. 

Herc the values of A E  and.At are much larger than they were in the case of the obser- 
vations to  Mussooree. This is natural as observations to a snow-peak 93  miles distant arc ob- 
viously less precise than observations to a helio at half the distance. hloreover the number of 
o\xiervntions to the peak is much smaller than the number to Mussooree. Further if the suggestion 
made in Chapter I11 $13 is corrcct, i t  is quite likely that even though the refraction does truly 
bear a liuear relation to  the temperature, yet the effects of illumination, which are dependent on 
the position of the sun, are not directly related to the temperature: and this would cause the 
deduced values of A E  and At to be increased. 

Season 

Nov. Dcc. 
1905 

M a r  190G 

1906 
Dee' 

Mar. 
1907 

J a n  
1909 
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Dates 

No.,28,29, 

Dec. 1,2,5,7 i 30 

{ M a r . 1 6  

I Dec. 5 

Mar. 23 

* { Jan. 23 

Hour 

-- 

8 
10 
12 

8 
10 

14 

8 
10 
12 
1 4  

8 
10 
12 

8 
10 

14  

No. of 
obscr- 

vations 

lo 
10 

10 

2 

2 I 
2 

I 

2 

L2 

3 

2 
2 

2 

2 
2 

2 
2 

t 

0 
50.2 
68.0 
77'0 

66.4 

79'2 83'3 

84-4 

52.9 
69'5 
74'5, 
7*'5 

60.3 
67.6 
72'9 

45.9 
62.6 
70'4 
72.1 

E,- 1' 44' 

/I 

131.8 
69.0 
39.1 

68.4 

47'2 20.2 
6.2 

137-7 
75'3 
56.3 
36'4 

87.9 
59.1 
42'9 

127.2 
74.4 
48.3 
48.7 

m 

-3.469 

-3'109 

-3.891 

-3'594 

-3.093 

c 

305.7 

279.0 

344'3 

303.9 

268.7 

AE 

/I - 0.4 
- 0.8 
+ 0.6 

- 4 - 2  

+14'4 + 0 . 2 -  
-10'4 

- 0.8 
4- 1 

$ 1 ' 9  
- 2.5 

+ 0.8 
- 1.8 
+ 1.0 

+ 0.4 
- 0.7 
- 2.7 
+ 3'0 

~t 

+ OOI 
+ 0.2 
- 0.2 

+ 1.3 
- 4.6 0.1 

+ 3'3 
3- 0.2 
- 0.4 
- 0'5 + 0.6 
- 0.2 
+ 0'5 - 0.3 

- 0.1 
+ 0.2 
+ 0.9 - 1.0 



5. I n  the case of the observations to  Mussooree the precision oE the linear relationsliip 
ed is so remarkable that it seems natural to  suppose that i t  has a physical reality : and there 
to be no reason to imagine that the relationship would be of a different type along another 

. If then we suppose that the diurnal change has a linear relationship with the temperature 
*o independent rays, we at once see that for this to be the case both u and v  must be linear 

day; unless the irregularities of the temperature gra- 
the expression uw, + vw2 to fail to represent the refrac- 
decided from observations which are at present available. 

o Mussooree at various hours, and simultaneous readings 
made both at Nojli aud Mussooree, i t  would be possible 
ced value of 11 and v  and so to find whether the expres- 

m1 + vw2 did represent the refraction with sufficient accuracy. It would be still better 
&t of simultaneous temperature readings could be made by means of kites or otherwise. 
method of finding 11 and v  from barometric observations is explaiued in $10. 

6. If u and v  are very nearly linear functions of the temperature, i t  at once follows that 

ar functions of the temperature. Hence we have 

. . . . . . . . (108). 

o, 8 are constants, on any day. 

dt h2 d2t t * =  t + h . -  + - - 
dh Z ' d h 2  ' '  ' 

nd the difference of temperature from the standard case represented by suffix zero is 

W e  may express this result by saying that the difference in temperature at two times at any 

given height 1 is (1 + h a  + B)  times the difference in  temperature a t  Nojli at  the same 
2. ' 

two times. 
This is a result which very likely has a good deal of truth in the lower layers of the atmos- 

phere-those layers in fact from which the main part of the diurnal variation in refraction arises. 
I t  is not a t  all supposed to be true to great heights. The result implies that the daily maximum 
temperature occurs at the same moment at all heights. It is an observed fact that the maximum 
kemperature at Mussooree usually occurs at least an hour earlier than i t  does at Dehra Dun : but  
the change in temperature for several hours near the time of maximum temperature is small. 
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-7. The observations from Mussooree to the peaks show a diurnal change of the same 
sign as those from Nojli. If we plot the results against temperature i t  is seen at  ouce that the 

.variation is a small one and its relation to temperature is not very noticeablc. The conclusion is 
that i t  is the layer of air below the level of Mussooree which gives rise to the bullc of the 

.diurnal cl~ange. in refraction, and that the diurnal change i l l  temperature gradient a t  heights 
above Mussooree is very small. The Nag Tiba observations show a further diminution to have 
,occurred in diurnal chauge of temperature gradient. 

I t  is probable that the determining factor in the height to which the diurnal change in 
temperature gradieut is appreciable, is the height above the plain or plateau and has not much to 
do with absolute height above sea-level. 

8. We will now pass on to the consideration of certain barometric observations .made 
simultaneoilsly at Mussooree and at Dehra Dun. 

C 2 Referring to (16) we will denote the quantity -. - log, fi by A,: this being an 
go el-00 P 

approximate expression for difference of heights. Then by (15) we have 

and for the,present neglecting the higher terms we get 
h-ha e+e0 A 2 h 9 =  6 .  - .- . . . .  . . . .  

la, a eo (109). 

Hence if we have barometric and temperature observations at two stations whose relative height 
A is otherwise known we can find A2 by means of (109). This in connection with (10) enables 
us to find Al, if we neglect the higherterms involving As etc., for we have 

. a .  

0 = 0 , ( 1 + A , h +  A,J2) . . . .  (110). 

I t  is to be noted in passing that the quantity 8-1, occurs as an error in the usual (Laplace) 
equation for barometric heights. 

Having calculated the height Ja corresponding to a given set of values 0 0, p po it  is easy 
find the change 6A, in ha corresponding to small changes, as 60 in 0 etc. For by logarithmic 

. . . . . . . .  ( i i i j  

om go by a small amount (in the Dehra- 
th sufficient accuracy write equation (8) as 

. . . . . . . . . . . .  (112). 



9. With a view to determin~ng the quantities u and v and so studying the diurnal change 
in refraction observations of temperature, humidity and pressure were made in the winter of 1911 
simultaneously at Dehra Dun and Mussoore'e. The fact that the formula (63) gives the refraction 
very closely at 2 P.M. suggested that at  that time the temperature gradient must be nearly 
adiabatic-or more precisely that the gradient was much more nearly adiabatic at 2 P.M. than it  was 
a t  the early hours iu the morning. I n  this case, neglecting the small variation of g with height, 

d r  (pr ' w e  see by (61) that - is constant, whence i t  follows that - vanishes: so it  is to  be expec- 
d h  dha 

- ted that the quantity Az iL-ill be a small quantity and consequently by (109) that h - A, should 
be a small quantity. I n  other words we see that the error in height deduced by the Laplace 
barometric formula or by (16) will ~iaturally be much smaller at the time of minimum refrac-- 
tiou than at other times. This is borne out by the simultaneous observation above rcferred to, of 

*which the details will I)e given shortly. The Mussooree observations were begun at Abbotsford, 
, t h e  office of No. 17 Party, by kind permission of Lieut.-Colonel G. P. Lenox Couyngham, R.E., 
and extended from 12thF25th October, when the office was closed. Readinis nere takcn a t  
each of the following hours :-lo, 12, 13, 14, 15, 16. I n  the light of thc resnlts foundmfrom these 

' readings i t  appeared desirable to take further observations, including son~e  at hour 8. Colo~~el  
W .  J. Bythell, K.E., Superintendent, Northern Circle, kindly allowed this t o  be done in his 
office, The Cnstle, and readings wcre talten at hours 8, 10, 12, 14, 16  betmeen dates 20th 
Norcmber and 7th December 101 1. 

A standard Fortin barometer No. & was first of all compared with the standard at 
Dehra, and then carried up  to Mussooree. I t  was feared that some air had f o ~ ~ n d  its way into 
the tube .on thk journey : and so another barometer of a'more portable type was compared with 
the Dehra standard, then taken to Mussooree aud compared wit11 the Fortin,.brought hack and 
compared again with the Dehra standard. Luckily this barometer stood the double journey 
well and showed no measurable change relative to the Dehra standard. The results showed that 
the Fortiu had an error of ON.031. Although this error could no doubt have been removed, i t  
appeared best 'not to  ittempt to  alter it, but rather to apply a correction. The height of the 
cistern of the Fortin was fixed in both its posi t io~~s by spirit-levelling and these heights are given 
in table VI. The barometer stations at Mussooree and Dehra ar'e ~n fo r ' t una t e l~  not intervisible, 
so that the physical idea of a continuous air column between the two stations is not realised. 

10. We  now proceed to the .statement of the observations in tables XLII,  XLIII .  The 
pressure a t  any time is H + 8 H  and the virtual temperature r %- &, the quantities. H, r being 
given a t  the head of the tableand the small incremeuts 8H, 8r being given for each case. This 
is a f~ rm~su i t ab l e  for use with:the approximate equation (111). 
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TABLE XLIII. 

DJra and Castle. 

Digitized by Microsoft 03 

At D c h r a  
~~, -m.eoo ;  7, - 459.4 + 70 - 629.4 

8pirit-lrvelled I~eizht  of baromebl. 
cistern 2232.8 

Humi. 

At . i i~~ssoorce  
IT - 23.500; - 459.4+50 -609.4 
Spirit-levelled 11eigl1t of 
buro~neter cistern 6890.4 

Hu~ni-  1 61( I 1 IT 

dt illussooree 
H - 23.500. - 469.4; 50 -509. 
Spirit-lerelled 11eiellt of 
barometer cistern 6890.4 

Ht~mi- 

At Dehra 
no=27.tioo; ~,=4i59.4 + 70 = m . 4  

Spirit-levelled 11ei~ht. O F  barometer 
cistern 2232.8 

- 6.2 
- 3 '0  
- 1 . 2  - 2 ' 1  

- 3 '8  

- 6.5 - 4.6 - 1 . 2  - 1.6 
- 3'7 

- 8.6  
- 6 . 1  - 2'9 
- 2 .1  

- 3 . j  

- 6 .8  - 5'2 
+ 0'1 

- 0 .9  - 4.0 

- 6.0 - 4'9 ... 
+ 1'1  ... 

-0.072 
- '042 
- '055 - '075 - -083 

- .042 - ' 0 2 1  

- 0 4 4  - -061 - ,086 

- '10s - 'oio - .091 
- I - '124 

- .083 - -069 - .o81 - .106 - - 1 1 2  

- 
- .068 

... - '091 ... 

D a b  

1911 
20Nov.  

21 Bov. 

22 Nov. 

23 NOV. 

29 Nov. 

30Nov. 

0.71 
'81 
-87 
-92 
'9.3 

.6; 
'6; 
'68 
'86 
-86 

.59 
'49 
'44 
.74 
'80 

-56 
-68 
.;; 
-76 
.;6 

. j z  

..q8 ... 
'67 ... 

) LH I dity 1 IT Hotlr 11 iXo I di l l  1 67. Date I Hoar I( 6 8 .  (H64 6 

10 
12 
14 
16 

8 
10 
12 
14 
16 

8 
10 
12 
14 
16 

8 
10 
12 
14 
16 

8 
10 
12 
14 
16 

8 
10 
12 
14 
16 

- 6.5 
- 4.9  - 3'5 - 5.8 

- 4.8 - 4.6 - 1.7 - 1'4 - 1.5 

- 6.5 - j .3  - 1 . 1  

- 2.6 
- 3'9 

- 6.3 
- 4.7 
- 0 . 8  
+ 0 ' 2  

- 3.7 

- g.9 - 2 ' 0  

- 0 . 6  
+ 0'8 - 0 '9  

- .3.7 - 0.4 
+ 1 . 1  

+ 2 - j  

- 1.6 

-- 

+oa0.3j - a008 
- '0.39 - -048 

- '092 
- '070 - .o89 - .129 
- '144 

- . l o 6  
- '085 
- -091 - -105 - - 1 2 1  

- '082 
- .OOI  
- ' 0 6 7  - . I O N  
- I 

+ '014 
- '014 
- - 027  - -060 
- .077 

- -069 
- 'Oj4 - 'ojo 
- ' 1 0 2  
- 

f '375 
e3.39 
'285 
.267 

-229 
-26.3 
-226 
-158 
'140 

-21.3 
'2.38 
-228 
-181 
-166 

.245 
'259 
'177 
.I;O 

'154 

'312 
'337 
-303 
-252 
'22.3 

' 2 . ; ~  
2 

'239 
-191 
-172 

0.93 
-92 
'95 
'98 

.8g 
'94 
.88 
-88 
'95 

.6; 
'75 
.89 
-95 
-94 

'54 
. j 4  

-94 
'94 

'50 
'69 
.88 
'42 

'72 

:;; 
'80 
.92 
'94 

+0.286 
-329 
-300 
.26o 
'236 

'300 
-317 
-293 
-245 
-224 

'23.3 
a263 
'2.35 
'182 
I 

'246 
.262 
'243 
'199 
-18.3 

-233 
.z j8  
... 
-2oj  
... 

I 

1911 
1 Dec. 

4 Dec. 

5 Dec. 

6 Dec. 

7 Dec. 

0.89 
'88 
'75 
'75 
'78 

'83 
'48 
5 
..;I 

' j 4  

-93 
. 6 j  
.56 
4 
'63 

.86 
-72 
'63 
'50 
'55 

'84 
'81 
... 
'57 ... 

8 
10 
12 
14 
16 

8 
10 
12 
14 
16 

8 
10 
IS 
14 
16 

8 
10 
12 
14 
16 

8 
10 
12 
14 
16 

'89 
'69 
'70 
'66 

-88 
.81 
.70 
-6.3 
'64 

-88 
-82 
.66 
-69  
. 6 j  

'S6 
'79 
'71 
'51 
7 3  

'90 
'81  
-70 
.61 
.6.3 

'80 
-78 
'67 
.61 
-76 

- 17.4 - 12.3 - 8 . 6  - 8.0 
- 7.1 

- 21‘4 
- 11.7 - 6 9  
- 4.7 
- j . 7  

- 24.2 
- 14'.? - 8 .0  - 6 9  - 6.6 

- 23.2 - 14.0 
- 7.8 - 6.4 - 6.1 

- 21 .1  
- 7.6 

... - 4'7 ... 

- 13'3 - 9.2 - 6.1 - 6 .8  

- 17.0 - 8.4 
- j e . 3  - 3'6 
- .3'.3 

- 16.7 
- 9.0 
- 5.5 - 5.0 
- 4.6 

- 17'8 - 1 0 . 2  - 6 . 1  - 4'2 - 7 1  

- 2 0 ' 1  - 10.8 
- 8 . 2  - 5.6 
- s ' j  
- 18.4 - 11'4 
- 7.5 - 4.3 
- 4'6 



11. The quantities 6H, 67 in the last two tables are rather larger than can be allowed for 
(111) to give accuracy to one-tenth of a foot, and a direct computation of ha has accordiuglp 
bcen made. I n  table S L I V  the values of the q u a ~ ~ t i t y  ha- h in feet so deduced for the various 
hours and days, are given : together with mcan values and probable errors. 

TABLE XLIV. 

! 

Considering the mean at each hour, i t  is seen that the ,approximate height A, agrees mos 1 i 

c'losely with the spirit-levelled height h in  the case of deductidns from observations at and after 
noon. Here ha - JL is a small positive quantity, while at 8 hours and 10 hours me find largcr [ 

negative quantities. Moreover if we examine the range of variation of ha- h a t  the va r io~~s  
hours, i t  is found to be largest at  the hours 8 and 10. In the Abbotsford rcsultv the ral~ge is 
dccidedly smallest at  12 hours, but in the Castle ~aesults the actual smallest range is at  16 hours. 
The results indicate that the best time for finding height by barometer is between noon and 
4 P. M. The probable errors of the means of the observations are also given and from their 
srnall~~ess i t  is to be inferred that the quantity ha differs from h by amounts greater than which I 

IS 

+24 ' j  

+ 9.7 

+a1 '7  

+ 4.1 

+ 8.2 

+14.4 

+ 1.7 

+ 2 i e 6 .  

+ 11.2 

- 8 . 9  

+21'0 

+ 6.0 

+12.o 

29.5 ------ 
6.1 

----- 
1.86 

12 

- 3.1 

+ 14.1 

+14.7 

+ r z . j  

+ 9'2 

+ 12.8 

- 1.0 

+ 6.3 

+roe6 

- 3.8 

+ 6.2 

+ 3 ' 8  
-- 

+ 6.9 

18.0 

4'3 

1-28 

. 
lZour 10 

At ALhot~ford. 

-37'5 

14 15 IG Hour 10 12 I 14 16 1 8 --- 
At Castb. 

1911 
+ 3.3 + z l a j  + 1.9 2O~hIYor. 

+ 3.5 + 10.9 - 4.4 21sL ,, 

+13.7 - ' 7 - 3  - 0.4 2211d ,, 

- 6.1 - 7 . 7  - 8.7 23rd ,, -59'7 -29'4 ... -13.6 -38.1 

+ 1 j e 8  +17'2 +17.4 29th ,, -104'6 + 2.5 + 2.1 + 8.2 - 8.0 

+ 9'2 + 18.7 + 0.3 30th ,, -5.;'8 - 8.1 + 0.2 +1@6 -13.4 

+ 8.6 +2)3.3 +14'5 IstDecr. -29'0 +I59 +27*4 + 9.8 - 8.6 

+ 7.8 - 7.2 - 9.7 4th ., -69.4 -2.3'9 + I j e I  - 4.7 - 1 0 . j  

- 6 . 7  - 6.5 - 8.4 5th ,, -80'7 -39'6 + 0.1 -19.3 -18.4 

- 3.8 -1!).1 -18.8 6th ,, -84.2 -36.2 + r r - l  - 1.7 -23.7 

+30.)3 + 19.4 -11.4 7th ,, -58.2 - 1 1 . 7  ... + 3'3 ... 
+14.6 +17 '1  + 1.8 

--- 
-6j.4 -18.7 + 7.3 - 3.8 - 1 7 . 1  

------ ---- 
75:6 6j.1 36.4 33.2 28.2 
----- 

Proh. error 

----- 
Prob. error 

4-40 3.95 2'39 2'31 2 - 0 0  

lGth ., 
17th ,, 
18th ,, 
19th ,, 

20th ,, 
2lst ,, 
22nd ,, 

23rd ,, 
24th ,, 

25th ,, 

Bfeun 

Runge 

Prob. error 
of 1 obs~l. 

Prob. error 
o fmean  

-54.7 

-15.1 

-16.8 

-29.3 

-14'5 

- 1 j . 2  

+ 3.0 

-17.7 

- 2 7 . j  

-24'4 

-24.0 

-22.7 

57.6 

9.2 

2'75 



is due to observation error. The residunl b. - 1 should accordingly by (109) give n fairly good 
value of A,. I t  will be seen here that we require to know the zero corrections of both baro- 
meters with considerable precision, otherwise a faulty value'of A, will be obtained. 

12. We now proceed with the calculatio~~ of mean values of A, and As corresponding 
to the means of the observations in the two cases Abbotsford and Castle. For this DurDose we 

write 

have 

/l. - a* 'o s e h  thefr equation8 we require the values of - and 9.5 - 1. The former i6  
h.  0- .r 

J U  - 
From table XLIV and the mean values of 7, T are dediced from tablej X LII, XLIII .  From 

&. 8 take @proximate values 9, = 979.1, g = 978.8. We also have from (8) and (10) 

d q & l n ~ . n  rnT k erpr&riour for a, b given on page 15 tud ?making h e  of equ r t i od  
).-e ma4 the compdtatious now exhibited iu tables ~ L V ,  XLV 'I. 
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TABLE XLV. 

Dehra to Abbotdord h = 4449.6. 
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deduced refraction. 
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79 

14. The figures obtained for 1911 cannot be expected to exactly hold for any one of the 

duced values, thosc of 1908. This fact is perhaps evidence against the correctness of having 
creased the value of a deduced from the spirit-lerelled valnes of height by so much as 8", as was done 
Q 11 Chapter 11. On the other hand we may supposc that therefraction computedis greaterbecause 

s CIM~ be seen in table XA there is a distinct scasonal change in the refraction, aud that found 
February 1909 exceeds that of October 1908 by 2"'3. I t  is possible that t l~evaluein December 

I n  addition to these possible explanations, we can see by means of equation (36) that 

: and this cannot be done in the present case. 

The most noteworthy point of table X L V I I I  is that the computed diurnal variation in 
action slioms a masimnm instead of a ininimnm a t  14 and 12 hours respectively. Tliis 

ally occurrecl in 191 1. I t  is more probably partially dtre to faulty deternlination of 21' and v' 

rature at  some considerable distance above ground level. Of course the best method of all 
be to obtain sirn~~ltaneous readings of temperatGre at  a number of heights. 

Par  the present i t  is thought that the results exhibited in tables X L V I I  and XLVIII ,  

ve these computed values to be far wrong. W e  still have some doubt about the values 
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Celestial Refraction and its relation to Nocturnal Terrestrial 
Refraction. 

1. I n  the last sectiou of Chapter 111 the possibility of ddducing the terrestrial refraction 
hy means of observations to celestial objects was mentioned. Up to  the present no observations 
have been made with this cnd in view, so that the success, or otherwise, of the metllod cannot 
yet bc stated. I t  is desirable that tlle method shonld be tried, and so the necessary f o r m u l ~  will 
llow be ileveloperl, ready for application as soon as observations are a~.ailal~lc. '1 

The f o r r n l ~ l ~  of Chapter I are adapted to  terrestrial refraction. Similal. fo~.mulae may 
rcadilg be deduced for celestial refraction. The esselltirtl difference of the two refractions is that 

A 
whereas the terrestrial refraction is BAx (see figure iu 8 Chapter I) the celestial refraction is 

A 
B' T' x, where 13' is the point wllerc the ray cuts the upper limit of the atmosphere a ~ l d  H' T' is 
tlle tangent to tlle ray a t  B'. Owing to t l ~ e  very great distance of celestial objects, with tllc exccp- 
ti011 of the ]noon, mc are only concerned with the direction the ray 11as on leaving the atmospl~erc : 
for t l ~ i s  direc~ion afterwards remains unchanged. A difficulty whicl~ a t  once arises is to find the 
lleiglrt of the atwosphere from which the appropriate value of s may be derived. 

2. Tlle ce1esti:tl refraction accordingly is the ralue of the angle 9, when s is given the 
value i t  has at  the l~o in t  ~ ~ 1 1 e r e  tlle ray leaves the atmosphere. 

I t  is at  once clear that, ill the notation of Chapter I, 

1 (3 = - . . . . . .  . . . . .  (1 16) 
I 

ds u 

D e n o t i ~ ~ g  the reciprocal of a 11y p, r e  have 

y% = fpsd8 . . . . . . . . . .  (1 17) 
the  irtegration being taken from station of observation up to  the limit of the &tmosphere. 

Now K p,= - - s i n + %  ~ J P  . . . . . .  . (28) 6is 
CL 
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v e  may write 

Substituting for p from ( 1 1 8 )  and putting dh  sec 4 for c2.s in ( 1 1 7 )  

NOW y is clearly a function of 71, (see (119)) and + is given by (22) 
le and p and h : p being a function of h. Hence we can expand 

P ers of h as follows :- 

4 d2y AS y t a n + = y + - .  I & + - - - ;  . 
cll~ dh2' 1 2 - 

etc. 

%e suffix zero indicating that initial values are to  bc used, for which 1 = 

3. From Chapter I Q 9 putting R for r + h we have 

sin C$ - y s i n + = d Q c o s +  /r7x + 

Hence 

in terms of its iuitial 
y tan 4 in a series of 

Putting tan + = w we have at oiice 

clzs a = - (24 + 29) y + - ( 3 
d"26 

xe = (1 + 31r9) . 2 . + L (y + ) - w + 2 @ - $) 
d32t S 

z" -. ( 1  + 1 3 f r 9  + 152b4) (r + tbS) (y + $) 
+ 3 (1 + 3u9) (ZL + d) (y + 4) c$ - $) 
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Also by LeibnitzJs thcorern 

d" (y  tan 4)  - - - - -  = (t2y (d16 (l"/ dn% 
dh2 21 -7 + 3 -'- 

(/ha (?a dh + x2 

whence 

da 
in which values of -, etc. are to he substituted from (123). (1h 

Now if \vc put 12 = oo in (123) \rc evidcntly arrive at the case of an atmosphere 
arranged in plane strata. I n  such a case the refraction may be found at once, for we have 

by the ordinary lalv of refraction, $, being the angle of refraction in this case. I t  is clear thcn 
that the terms in (1343 mllich arc indcpeailent of 12 n~us t  amount to qa, givcii by (125). 

We can accordingly write 

Consider the portion of this within the square brackets. The part independent of 96 is 
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+ . . .  

log p vanishes a t  both limits, h beiag, zero at lower limit and p being unity a t  

it. ~ l s o J F p  ah = If p ah, n l l e r e a  is a value of gravity at some point 
Y m  - 

the earth and the  limit of the atmosphere. 

e TI is the atmospheric pressure. We can finally z i t e  for terms independent of .u 

est the coefficient of u v s  

+ . .  
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d~ 4. I n  (127) and (128) it is to be noted that thc terms involving A, - -  are of impor- 
d A 

tnnce compared with y. For supposing y to vanish at the limit of the atmosphere, we see that I 
c lv  -- 

d~ 1 1  cd A t11c average value of all along the curve is __. : so that h - 
...a 

is of the order 
C"," , ," 

1 -- I - -- 
k 

(mhere k is the coefficient of horizontal refraction) 
7' 

in practically all cases. The pl*esumption is that the higher terms are also larger and so the 
expressions occurring in (127) and (128) cannot be eonsidcred to be f~llly represented by the terms 
writtell down. We can write an expression for tlle refraetion in the form replacing H by its 
initial valuc 1 

d~ where I-'. Q, etc., are funetio~ls of y, - -  etc., but we cannot say what these fnnctior 
(ZA 1 

are, though theoretically any number of terms may be written down. 
1 

cEr From the point of view of determining y, -- etc. the equation (129) is useless. I t  
d A  

shows, however, the nature of celestial refraetion, and the reason that celestial refraction 
maintains a much greater constancy than terrestrial refraetion. For me see that the principal 

n"r terms of the refraction are independent of y, TA- etc. Tile quantities P and Q ore small and only 
L 

have significance when their multipliers are large, i .c. when + exceeds 80'. Up to this point 
the refraction as given by Bessel is very closely represented by 

K 9 = - tan + seca + -. II . . . . . . . . (1 30). 
TYm 

as is indicated in table XLIX. 

K 
We mill first evaluate -. II. I n  the first place if we treat g as not varying appreciably 

rfi 
with height 

where H i s  tlie height of the hypothetical homogeneous atmo~phere of density p whose pressure 
at the lomest point is II. Bessel's tables are constructed for the case of temperature 50' F. and 
pressure 30 inches of mercury: to  which corresponds the value -000283 of p-1. Now the 
weight of 1 C.C. of air at 0' C. and 760 m.w. is x 1.2928 g m :  and for 50' F. and 30" 
i t  is accordingly 10-3 x 1,2504 gm. The weight of a column of mercury 30" high at freezing 

point is 30 x 2.54 x 13.596 = 1035. ~ I I L .  Hence H = 1035 = 8.280 kms. Hence 
10-3 x 1.250 

= 
'T 

2'83 lo4 x8'280 = 3.68 x 10-7, taking themean radius of the earth as 6371 kms. 6.371 
This is an angle expressed in radians : to turn it into seconds we multiply by 2.063 x 1O5 and 
get 0".0759. 
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Table XLlX,  nest given, explains itself. 

TABLE XLIX. 

This table shoms that the first two terms of (129) give, up to = 80°, practically the same 
I refraction as given by Bessel. Up to  this point the only assumption made is that P and & are 

not sufficielitly large to make the higher terms of importance for values of Q not exceeding 80°. 
I n  deducing his formula Bessel assumed the lam of density 

Z-H ~h - -, - 
p =po e 1 . . . . . . . . . . . *(131) 

and determiued the best value of I to  fit observations. Without any such assumption (129) enables 
us to  write clorrn the refraction up to  zenith distance of SO0. For greater zenith distances B e ~ s e l ' ~  
values can be closely reproduced by choosing suitable vall~es of P and Q. I t  is doubtful whether 
the quantities P aud Q can be cousidered sufficiently nearly constant for all time to represent the 
refractiou eveu up to 85') the limit originally adopted by Bessel. I n  any case they can be 
determined just as well as the quantity I in Bessel's formula (131). 

h3 The values of - tau Q sec Q ( P  + Q tau " 4- . . .) are given in table L under 
8 

Ph3 
heading I1 correspouding to = ,01288 aucl 9 = *00005606, and i t  is seen that they are 

nearly the  same as the quantities under heading I, rrhich hare been taken from the last column 
of table SLIS .  The last column of table L shows the residuals. 

* See Chaurenet's Astronomy Vol. I, page 145. 

Digitized by Microsoft 0 



I t  is to be remarked that (129) cannot be used for all values of C$ up to 90'. The quantity 
1 +,, ceases to hare a possible value wlieu C$ is greater than sin - I  - (= 88' 38' for standard air 
U 

density). 3lorcover the last term of (129) ~vliieh eoruprises an iufiiite series may become diver- 
gent for certain values of PI Q etc. 

I 
5 .  We nlust accordingly find anot!ier expansion for t l ~ c  case when C$ cxcccds the value a t  

which (126) beeomes very slowly convergent. Equation (129) sliows the rcfraetion in  terms of 
that wliich would occur were the radius of curvature of the earth infinite (gravity remaining the same) 

-4 
I together with a correction for curvature. For values of + greater tllan sin-'-it is elear that the 
I-L 

ray would iiot escape from such an atmospl~ere arranged in plane strata, so that this form of 
espression brealcs down in this case when applied to the actual spherically arranged atmosphere. 

\Ire see a t  oiice that i t  is necessary to expand the  esprcssion for + in  terms of s instead of 
8 : for i t  is the multiplier see C$ wl~ieh causes the series to  diverge. 

W e  llavc by Jlaclaurin's theorem 

whence substituting in ( 1  17) and integrating 
\ 

c w  " = + - 
cls an 

ete. 

dd V e  liave the values of - from (122). Also from (1 18) 
dh 

clp - = sin + (9 + 5 - 9) 
d A flh . . . * 
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l ' 1  . . .  = s i n + ( - $ + $ ( ~ y + ; ) - y ( y +  d'+z)J 
Substituting in (134) and putting h = 0 we get 

( )  = cos +sill  + ( - $ + y ( y  + +) > 
0 

= A cos + sin q5 . . . . . . . . . . . . . . . . . .  (137) 

= (C cos " t + sin 2+) sin + . . . . . . . . . . . . . .  (138) 

1 where A, C: B are nritteu in place of the several coefficients, and D = A(. + f). 
I VCTe can now mrite (133) as follows 

.r cos + .so" q = s s i ~ l + { - y + ~  A + P  ( C c o s 2 + +  B s i n P + )  . . 
- 

I where the coefficients A, C, D are independcnt of + and are functions of A. 

I I t  appears to  be most probable that the value of P at the upper limit of the atmosphere is 
zero. That the ray from a celestial object should suffer an immediate finite refraction on 
reaching the attenuated atmosphere sceins most unlikely. It is clear from the formula that the 

(ZP value of p depends on -, and this is a vauishing quantity when p, h and T vanish only with 
dh 

certain conditiolis of temperature-height relation. When there is thermal equilibrium aud the 
d~ adiabatic gradient occurs at  the upper iimit of the atmosphere, then - vanishes. I t  seems pro- dh 

bable that this gradient sl~oiild occur there. Assuming then that P, vanishes a t  the limit nre have 
at  once for the appro~wi(tte cnhce of s 

Tliis expresses t.he colidition that a small change in s will not affect the angle q given by 
(139). The ~ h y s i c a l  reality of this-that the last portion of the atmosphere contributes little 
to  the refraction-seems to be clear. 

I f  we neglect the higher differential coefficients of P with respect to s, (140) enables us to 
d2p 

write (133) in other forms. Keglecting - auci higher differential coefficients and subtracting cts" 
S 

(140) multiplied by -;i. from (133) we get 
n 

. . . . . .  + = B s p  
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d3P s 
Neglecting - and multiplying by - we get a more accnrate expression 

rls3 3 

d4B s 
Neglecting - ds4 

and multiplying by - we get a still more accurate expression 
4 

dP W e  can a t  once put iu the  values of 6, - etc., as was done i n  (139j in  these 
ds 

equations. They have the advantage over (139) of being more rapidly convergent. 
each is correct to  the nest  higher term than occurs in the equatiou: for this term 
replaced by terms of lower order by means of (14q0). 

6. It ren~ains  to  find an expression for  s. 

W e  have obviously 

. . . .  s = f i L n e c +  

. . . . . . . .  p R  sin $I = B 

R = r + A  

and 

where 

sec + = PB ' 

J y 9 ~ -  I3" 

Then, writing x for p R  me'get 

and 

NOW 

Hence 

Now ~ ~ 7 ~ &  = .JXL--B" = B C O ~  4 

1 - B2 
2 

4 
2 2 

4 =-xJx"--BV - log t an  - - Bs log tan  7i- 
4 

last three 

Moreover 
has been 

. (144) 

(2 2) bis 
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. (119) bis 

' Substituting in (146) 

- t . . . . . .  

The lower limit is +, , the observed zenith distance; the upper limit is +, wllere 

B --  sin +, = ---- - " sin+,, . . . . . . . .  
T + h  r + h  

h being tlie height to  which the atmosphere extends above the observatory. I t  is of course clear 
that the refractive iudes is uuity at t h  upper limit, aud that the p, occurring in  (148) is the value 
at the observatory. 

Now 
d 

y = a (10") . . . . . . .  
.. 

p ,  - dy clp, . . m - ~ z + y a  

Hence since p, is very nearly uuity me can write with sufficient accuracy in  (147) 

p , = l  

di. - =  
dh ly 

rlZp dy 
@ = a; + "i 

and 

7. - The fact that the refraction cannot be milch affectcd by the last portion of the uppcr 
atmospl~ere shows that a highly accurate valuc for s is not Llccessary. ' 

b 
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Supposing y = - a t  the earthJs surface-in other words the coefficient of horizontal 
r 

2k 
refraction is d - then the average value of 3 is - - dl& rh ' li being the height of the atmosphere. 

clr 2 r r 
Then in expression 9. (2 + y2) + 2y wl~ich occurs in (14~9) - is of order - rh G = p  showing 

2~ 

cEr that r - is the important part of this expression. 
dh 

Comparing the socond term with the first in (149) we have ratio 

1 r iv 
Taking k as - and - = 100 this becomes + - 15.6  siu + . - wliich is small for large 

10 li L 
values of 4. 

N r Values of 15.6 siu + - - 
L ' 100h are as follo\vs for various values of li and +: 

The above shoms that the expression found for s is not satisfactory for determining a. 

-20 miles h = 30 miles h -40 miles I h  I I 

8. It is possible to obtain a value of s as follows. First of all assume s equal to the 
chord of the ray of light, from which i t  cannot differ greatly. Then if is the terrestrial 
refraction up to the lirnit of the atmosphere and a, the terrestrial refraction a t  the'other end of 
the ray, me have by projection 011 the chord 

I 
s = (r + li)cos( - 9 , ) -  r cos (+ + 9 )  

31.3957 

31.3914 

31.3864 

31.3827 

- r 
sin+, - 9, = siu + + .- l + h  

41.8076 

41.8040 

41.7996 

41.7961 

8; 

83 ' 

85 

86 

from which a cau be computed if 9 and: h are inown. 

62-6448 

62.6416 

62'6373 

62'6345 
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Now 
1 B = - =  - y sin +. 
a . . . . . . . . (118) bis 

Hence by (25) 

L Terrestrial refraction angle = Q 

s cos qJ = as in$(  - $ + C cos@+ + D sin 2+ ). . .>. . . (152) 

the coefficients of the several powers of s are those occurring in  (133) and (139) multiplied 
the numerical quantities 1, 5, 4 . . . respectively, and are accordillgly known. I n  (154) 
lrese~its the length of the terrestrial ray. 

d2P Hence by (140) and (151), eliminating aiid ueglecting higher terms, we may write 

I That is the terrestrial refraction on a ray to the limit of the atmosphere is approximately 
d2B .o-thirds of the celestial refraction. ~ h g a c c u r a c ~  of this relation depends on the values of - ds2 

higher  coefficients, but i t  should give a value of 0, .good enough for substituting in ( I  50), 

.7 = 
l ~ i c h  s may be found wit11 sufficient aamyacy. I t  is to be remembered that a small change 

3 should make only a second order chal~ge in +, since p, --i 0 at the upper limit of the 
!masphere. 

I 

It is now possible, though troublesome, to find tho: quantities 6, y, A, C, provided me 
have four observed values of + and +. W e  can calculate s for several assumed values of 6 and 

bstitute in (139), aud then solve for ry, A, C by means of these equations. The fourth equation 
11 also be satisfied when the correct value of h i s  taken. If 6 is found to be s qualitity 
k h  does not vary appreciably, the process mill be much simplified: for a value can be 
2nd  once for all, after which the determillatioll of y,.A, C, is simple. 
I 

dy but these are not actually 9.  I t  is then an easy matter to determine y, -, - dh dh3 ' 
h i r e d  for the  deternriuation of the terrestrial refraction, which is given by (152). m, 
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S n =  s2 (ZP 
+ + - .  12 - (1s . . . . . . . . . . . . . . . . . (153) 

d2fl db' 
accurately neglecting - and eliminating -, -me have 

ds2 ds 



The relation between the celestial and terrestrial refractions is accordingly established. 

Four observations of stars at varions altitudes are theoretically sufficient to determine 
these unknowns. For the true zenith distance at a given time is known from thc star catalogue, 
and the actual apparent zenith distance can he observed. The differences of thcse are clearly 
the refractions, and each observation accordingly gives an equation of condition. 

Equations (139) and (143) are l)crfectlp general and have no limits as regards the vali~e of 4. 
13omever, stars do not in general become visiblc the moment t h y  rise above the horizon, owing to 
I~azc, rlust ctc. In  Illdia the pole star is often hard to cliscern at latitudes not lower tllan-that of 
lZ:ldras, ,l?iz., 13' and i t  is probable that these equations will not have a C ~ H ~ I C C  of application for 
valuc of Q greater t l~an  85'. 

10. Now consider the case of values of +, say not greater than 45'. 

I n  this casc wc may expalid (150) as follows : 

1 h" = n I +  - sec (++a) -TTsec3 (++a) ( ;r)  . 

h' = Asec (++I l l  -= sec (+ +a) tan '(++a> 

2 2 
Now Q =--+- - - 2 - :< . (p-1) tan 4. 

h 
silicc -p- 2- 1 is very small. 

J 

Substituting ia (14.3) 

Digitized by Microsoft 03 



) o r  from (129) for values of + !ess than 45O 

+ = ( p  - 1) tan + 
kence by comp:~rison we see that 

)r more accurately 

W Put ry = x, ArZ = y, Cr? = z a ~ ~ d  - = a, where y has 110 connection with they occurring in  42. 
r 

s np (iAp 
also, replacing = by x and substitutilig values of P, 7, from (118) and (134) we write 11431 

I as - as- . , , , 

3 K COS l#J = x ~ i n + ( - ~ r  + T y +  2 ( Z C O S ~ + + ~ X  + 1 sin2+ >I 
x' 3liminating z between (157) and (158) b6 multiplying (159) by cos2 cj sin + we get 
a 

a 

3 
- 

It = r s i l ~ +  y (1- -cos6 1 x2 + :) + z(xy+ysin2+)) a 

-3  

* + - p - 1 +/ cas2 + sill + 

11. As an esnmple of the method proposcd we proceed to the solution of this equation for 
the  case wl~en tlie refraction is that given in Bessel's tables: that is to say we treat these 
refractions as if tliey mere tlie results of observations to stars a t  various altitudes. I n  the first place 
i t  is necessary to guess a value of a and tl~elt  solve (159) from the knowledge of + a t  two ele- 
vntions. I f  the solutioti thus foutld also satisfies (159) for otlier values of 4, then it is a fair 
i1;ferelice that the correct value of h has been obtained: otherwise i t  is necessary to seleet an- 
Ither value of a ant1 repeat tlie process. 'l'he two results will indicate in what neighbourhood 
he true value of a lies a t ~ d  the process may be contiuued until the desired accuracy is obtained. 
t is obvious that we must deal with large values o f  4, since the refraction is nearly independent 
~f tlie distributiou of tlie atmosplicre for small values (see( 130)). For convenience we now 
bve values of 6 cor l . e spo~~di~~g  to four values of a for certain values of +. 
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TABLB LI. 
l ~ a l u e s  of tc. 

These values have been computed by the help of (150) and (154.). The last line gives 
Bessel's refractions expressed in radians, exeept for 4 = 90' when tlie refraetion is Argelander's, 
to suit the solution of (159). 

If me select a = ~ 0 0 7 5  and solve (159) for the two values of 4, 80' and 85'' me get 
p = -  0.144 

y = - 47.8 . . . . . . . . . .  3 (160) 
z = +8267 

1 7 6  1 80' 1 8P ( 85' 1 8 6  1 90° 

Taking a = .01 we get 

y = -  31.9 . . . . . . . . . .  (161) 
0 = +4150 

Taking a = -009 we get 
x = -  0.128 

y = -  3 6 6  . . . . . . . . . .  (162) 
0 = +5258 

-0050 

'0075 

.oo9o 

-0100 

With these values we can substitute in (158) and find eorresponding values of +. The 
results arc exhibited in table LII. 

TABLE LII. 
\ 

'05322 

.07260 

,08297 

-08727 

Ressel's 
refraction 

-01869 

'02770 

so3292 

-03640 

'10690 

'12944 

'14119 

.14849 

.001038 1 001548 1 002149 1 002870 1 003429 

I1 I 111 IV 
4 for a = -00 i5  + for a = .009 + for a .01 

I I (I-11).1w (I-111).1w (I-IV).1w 

.001037 .001038 .001037 I 0 1 

'001544 -001548 '001545 4 o 3 

.002150 .002150 .ooz148 -I -I 1 * 

.002874 -002868 .002867 -4 z 3 

'003425 '003417 '003459 - 2 6 -36 

.010283 .0098 13 .009650 -436 34 797 

I I 

'04625 

so6418 

,07396 

'08020 

009847 ' 

.o2695 

-03918 

.o4619 

'05075 

705 

80 

8 3  

8 5 

86  

90 

,03619 

'05146 

-06008 

'06555 

Bessel's refraction 

.001038 

'001548 

.00214g 

-002870 

'003423 

'009847 



w 
The last three columns shon that tlte solution is not quite perfect in any case 
r tlle values q5 = 80' aud q5 = 85' from which the equations of condition mere formed. 

s to be remembered that the lirrmber 4 x radian is ouly O N . 8  so tlrat it is unnecessary to 
the solution with greater accuracy. But for the other values of + me find that the solrltion r 

somewlrat better except for q5 = 86' and a = -01 ant1 ill the three cases for + = 90'. For 
-009 we finti the solution is practically perfect throughout and the conclasion is that - - 

a m  '000 (correspondiltg to a height of atmosphere 35.7* ~ltiles) is very near to thc truth. 

I t  is to be noted that x is the same i1~-2k,  k being the coefficietrt of hor~zontal refraction. 
e our result is that corresponding to Bessel's refractiolls we hnve a coefficient of refraction 

D-064. Consideril~g that Bessel's refractions must refer to tlie night, and are for sea level, this 
:ient is undulv small. Harkness gives the ratio nf nn~ti irnnl  refrnrtinn tn minimiim re- - -----..----- A"--.-"".v-. ". 

, 0.049 whiclt is without 
076 might be expected iu 

< -----..-- -" 
doubt too small 

that case. I f  - 
nored the refraction given by Argelauder, and took a lower value of h we sho~lld no doubt 
at  a larger value of x. The solution for h depends almost entirely on the assumed horizon- 

fraction. There is some difficulty in deciding what is the best value to  take for h. I t  is 
that above the heicht a t  which the nressnre is 01'.03 t.he r e f r a r t i n ~ ~  effect ran onlv he of tlip 

i t  may be argued that 

of 30 miles or 35 miles. 
duced coefficient of refraction. however. is considerable. 

.- J -- -- -'-- 
little difference 

The effect &I 

BesselJs refractiorrs were founded on observations madc by Bradley, so that they presumably 
Englisll climatic conditions. I t  is quite possible they are not equally applicable to India, 

ues of q5 greater than 80'. 

12. I t  remains to  consider the most favourable may in which observations to stars may be 
It is clear that it' we ohservc the altitude of a star on the prime vertical and note the time 

star from a star catalog 
~t becomes visibie after 

ue. The differ- 
rising, we can 

Ine observing i t  a t  short intervals and so get a set of observations which probably may be 
Bidered simultaneous so far as refraction is concerned. I n  an J case, even if several stars were 
:cted a t  suitable altitlides, the observations would necessarily be separated by short intervals 
time and would not be strictly simultaneous. I n  this case the time needs to be carefully 
b v e d  and the times at  mhicli altitirdes are taken must he accul-ately noted, for au error of one 

in the deduced refraction 
d redt~ce to the central w i ~  

. I t  would be 
.e. If we obberre 

R t a r o f  sui tahleal t i t~~da on the meridian, i t  will not be necessary tdlinow the time but in this case 
irltersections of the  stax 

lian observatiori for latiti 
could he made 

~ d e .  Tlre obser- 
011s cou!d olily extend over a short time as it would be necessary also to observe two or three 
er stars of various altitudes. Herein lies a difficulty, as i t  would not usually be possible to  

lect some four stars of colirenient altitude which transited quickly one after the other. Moreover F 
, star of too small altitude mas selected, i t  might happeli that, owing to haze, i t  mould not be- 
l e  visible. 

The method of observing on (or near) the prime vertical is accordingly to be preferred. 

t n pressure of 0".03 is to be ox 
s !)resumably negligible. 
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For in the case of haze being greater thau was antieipated, i t  n-ill only be nccessary to wait till 
the star has a slightly greater elevation, ahen  i t  is sure to become visible. Jloreover there is a 
great advantage iu i t  beiug necessary to observe to  orily oiie star. I t  is of eourse rrot essential 
tliat the star sl~ould rise on the prime vertical. I n  the genei,il case i t  \\-ill be necessary to  know 
both tlie local sidereal time and t l ~ e  astronomical latitude. 

The procednre ~vould probably be as follows:-First observe a rising star a t  several 
al t i tudes:  second, observe tlie vertical angles to  the luminous signal whose height is required : 
third, observe another rising star a t  several altitudes. 11t least three altitildes of each star must 
be observed, aud extra observatiol~s would I)e of value. An observation of a star ~vould pro- 
bably consist of transits over several cross mires, wliose intervals were k ~ ~ o w n .  

Two eonditions necessary for the  suceess of the method are first, that the i.efraction 
remain sensibly co~rstant duriug the time oceopied in taking the several observations to either stars : 
and seeond, that  t l ~ r o ~ g h o ~ i t  t l ~ e  eomplete time occupied by obser~at ions  to *tars and lumirlous 
signal, the refractiou should 11e a l i i~ear  functio~l of the t in~e.  As to the constancy, or othern.iseJ 
of refraction during one oiglit, tlie Si~rvey of l ~ i d i a  does ilot appear to have ally obscrr:~tio!l~ 
f r o u  w l ~ i c l ~  an opinion eould be formed. IIarlir~ess* malies the folloivirrg s t a t eme~r t : -~ ' ] ' h~  

investigatious of the U.S. Coast aiid Geodetic Survey show (Transcontiiiental 'I'riangllIation 
pp. 254-256) thiit the daily course of the coefficierrt of refraetion eonsists of a day millimum, 

(< usually lasting v i th  little eha~ ige  from about 10a.nr. until 4 P.M., a night maximum lasting with 
" more or less zlr~steadiuess from 9 o r  10 P.M. until sunrise, and tlie junction lines u l~i t ing the 
'( maxinrum aiid minimum." Apparently the refraetion in  the U.S. has a much longer period of 
approxin~ate mi~iilnum thau i t  has in India where tlie tinre of minimum refraetion could llot be 
said to  comrncrice I~efore noon. I f  tlre nocturnal maximum 1:rsts for  about as lo~r;: ill India as 
i t  does in tlle United States the11 the two eor~rlitions referred to  earlier in this pari~graph will 
probably be satisfied d l ~ r i n g  the period of maxinrum refraction. 

It is well to recall a t  this point the  simplicity of the  relation between the change of 
refraction during the hours 8 A.M. to 2 P.M. aiid the temperature, found to oecur in tlie observations 
we liave discussed, to  whicl~ attention has been drarvn in the  early part of Chapter IV.  This 
simple relation was mot so clearly follon.ed from 2 P.M. to  4.30 P.nr., aud apparently the change 
of 1.efractio11 from mi~rimnm to  maximum is not so simple or regular as tlie ellnnge from 
maximum to miuimi~m. This is t o  be cxpeeted 11s the  thernral adjustment of the air naturally 
tr~kes plaee more rapidly and evenly when assisted by eoiiveetion, as occurs when the lower layers are 

heat from tlre earth, than when these layers are cliilled and conveetive adjustment is 
impossible. When the lower layers are too hot eonveetion ritpidly restores thermal equilibrium. 
I t  seellrs however quite likely tliat wlien maximum refraction has been attained this is itself 
an  indieation tliat the  air has :ipllroached fairly closely to  a state of thcrmal cquilibriurn. 111 

this case i t  also seems very likely t l ~ : ~ t  when the inaxiinu~n is more o r  less reaehed, any c l~auge  i n  
refraction will be of a slo\r and nriuor eharaeter. 

Fnrther comment on the  proposed method is for the present \vit l~l~eld.  I t  is hoped that  
observations ~vhich will test i t  will shortly be ul!dert:~ke~r, and if satisfactory results call be 
obtained tlrese will be p ~ ~ b l i s l ~ e d  in a later paper. 

* '~'l'er.i~esl.1~i111 1l.efractio11 rind tllie T~~igonon~et~~ical Bfe~~s~rrernent of Heights" by Wlllitun Hsrkness, in "3'11e As- 
~rono l~~ic t r l  Journul" Boston, Vol. XXlI ,  No. 526, p. 178. 
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C H A P T E R  V I .  

I\ The Dip of the Horizon. Concluding Remarks. 

A, 1. Tlie dip of the  horizon is of great practieal interest t o  navigators. This is a 
ticlilar case i n  ~rliicll the  ray throrlghout its length is not f a r  above the  watcr, to which i t  
ventually tangential. I f  the  water is perfectlp calm there seems no objection to assnming the  
of spherical sllrfaces of equal temperature. Wlien there arc waves this simple state of affairs 
hardly exist, and 110 tloubt the  telnperatl~res of those layers, which come in contaet with the  

e r  as the  watcr rises, fluctllate more o r  less. Tnlien over sevcral wave lengths, however, the  
5 teltlperature a t  a given height will probably be pretty constant. 
! The dip  of the  horizoi~ depcnds on  thc  hcight froin which i t  is observed. ilioreovcr we 
t remember tliat we sec only thc  crests of the n:~ves a t  thc horizon. Aecordin-rrlv KC are - - 

Eeri~ed with tlic difference of level of the  points of observations and tile crests of the  waves, not  
he mcau water-level. 

The  expression for t he  dip is dssily derivcd if we can assume the  splierical distribution of 
Leratnre. For  then r e  have 

p (r + h) sin + = pa r sin +a . . . . . . . . . (163) 

:re r is the  radius of t he  sea-lcvcl sorfnce or, more strictly, of the  sphere ~vliich ccvclops 
q,ests  of t h e  waves, ant1 h is the lleiglit of the  point of observatiou above this sphere. 

are the refractive.indices of tllc air  k tile two levcls. r . P  - 
Now the  ray of l ight  t o  the  horizon is obvioi~slp tangential t o  the  water a t  t he  horizoil. 

:ence $o = g o 0 :  and if  we put + = 90°+a then a is thc  dip and we may write (163) 

cos a = (1 + :)-I P 

h 
,ememl)erinc that  a and - arc small and that  u = 1 + I<D. we have 

," 
= l + K . p o - p - -  

r 
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Hence, putting p = po + Ap, we have 

the result being expressed in radians. 

W e  accordingly have t o  evaluate Ap. 

Now P p =  - . . . . . . . .  
CT 

Also P =PO - pmgh 

where p, is some value of the density not very different from po or p 

- - - -- Po & - & g W  
CT0'T T ' C  

where T = AT + T~ 

Hence turning to  (164) we see that  

2. Now 

where suffix s indicates the standard values. If g =gI, pm=ps and the temperature is 60' 3'. this 
reduces t o  22044. 

Next 
AT -4 519.4 1 - 

Kpo -= 2.93 x 10 f ix- - 
T Ps T ' 519.4 

Put  
519.4 F, = L.& - 519.4 

and F, = fi - . . . . .  
9s PI 7- PI 7- 



99 

n Fl and F, are both nearly unity, and if \re also put 

A (1 - -2209 F,) - h' (1 - -2204) 
. . . . . . .  

and F, A T  = AT' (166) 

R - + KAp = 4.783 x 10-Bh' x -7796 - 5.641 ~ 1 0 - 7  AT' r 

a = 1 0 4  J7.46 R' - 112.8 

expressing the result in seco~~ds  

a" = 56".33 2 / h '  (1- 15.13 - . . . . . . .  R ' " '  > (1 67) 

Reverting to (164) we see that 

r dp - KAp = - rK. - if R is sufficiently small h dh 

P r =-- 
sin $I ' c by (28) 

= 2k 

ce p = 1 and $I differs little from 90'. I t  is clear then that we can also write (167) as follows 

- - a{ 2/1 - 2k 
e a, is the dip in  the case of no refraction. This is only trne for small values of A'. a" 
usly vanishes when k = 4, in which case thc curvature of the ray is the same as that of 

earth and the ray' continues right round the sea surface. 

a/ = cosec 1" p' -- - 6 y . g  f l  
r ' 

. . . . . . . . . . . .  a" = 63".8 JR' (1 - 2k) (168) 

In CAauvcnet's Astrolzomy page 175 it is stated "For an altitude of n few feet the difference 
f pressure will not sensihly affect the value of D' [ = a in (164)] and map bc disregarded". 
is appears to me to be incorrect, for me are not concerned so mrich with difference of pressure 
rate of chaage of pressure, a quantity which has a definite value even for a horizont~l ray. 
e considcrntion of this brings in the quantity -2204 in (166) which changes the coefficient of 
from unity to -7796. 

AT' 
3. Values of the dip, a ,  calculated from (167) for certain values of h' and - are now given A' 
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TABLE LIII. 

Dip of the horizon. 

AT' - 
h' 

+o.o6609 

.06 

'oj 

' 04 

' 03 
'02 

'01 

'00 

--0.01 

- '02 
- -03 
- '04 
- '05 
- .06 
- -07 
- -08 
- 'C9 
- '10 

I t  is seen thqt when the tcrnperature increases upwards at  the rate of 0°.0G6 F. per foot the 
dip is zcro. For more rapid incre:~se of temperattire the sea surface mill appear colicace and there 
will be no true 11ot.izou. S u c l ~  rates cf change of tcmper:~ture of course cannot 1)ersist to  :tny 
cotisidcrable lieiglit, so that this plie~~omenon is only mitiiessed Iiear to the earth (or sea) surfacc. 

41. The object of tlie present investigation was to eslrress the refraction undergone I)y a 
terrestrial 1.a: by means of a formula dedtic:ed fl.on~ linomn physical laws. Heretofore i n  survey 
oper;rtions refraction has bee11 estimated by assuir~ir~g that, for all rays starting from a given 
point, the ili~gle of refraction hears a ~011stiint ratio to the a~igle  suljtended by the ray a t  the 
ccntt.e of t l ~ c  cnrth. This ratio has beer1 termcd the " corfficirnt of refraction," and denoted by 
k. Co~isidering tlie sectio~t of the earth ill ally given azimuth to be practicall!. circular, i t  
f o l l o \ ~ s  from the assui~~ptiori that the path of the light is a circle ?hose radius is X/2k,  R being the 
radius of the cir,cular section of the earth. Seeii~g that t he  radius of cnrvatore of a section of 
the  cart11 varies according to the azimutl~ in ~ r l ~ i c l l  the ray lies, and that this vari:ltion is about 
a half per cent of the radius in latitude 30°, it is evident that no very high precision can be 
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h ' ~ 1 0 0  f ee t  

I # 

o a 

z 51 

4 38 

5 54 

(5 56 

7 50 

8 39 

9 23 
10 4 

10 43 

1 1  19 

11 54 
12 27 

12 58 

13 28 

13 58 
14 26 

'4 53 

80 feet . 

I H  

o o 

"3 
4 9 

5 '7 
6 12 

7 1 

7 44 

8 24 

9 1  

9 3.5 

to  7 
10-38 

11 8 

1 1  36 

12 3 

1 2  29 

12 54 

' 3  '9 

;O fee t  1 40 f e e t  1 PO f e e t  

I I/ 

o o 

I 16 

2 4 

2 38 

3 6  

3 30 

3 52 

4 [ 2  

4 30 

4 48 

5 4 

5 I9 

5 34 

5 48 
6 2 

(5 '5 

6 27 

6 39 

N 

o o 

,2 ' 3  
3 35 

4 34 

5 22 

6 4 

6 42 

7 16 

7 48 

8 18' 

8 46 

9 '3' 

9 38 

10 3 
1 0  26 

1 0 4 9  
1 1  11 

" 32 

I I/ 

o o 

1 48 

2 56 

3 44 

4 23 

4 58 

5 28 

5 5 6  
6 22 

(5 47 

7 1 0  

7 31 

7 52 
8 12 

8 31 

L3 5O 

9 8 

9 25 
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. Moreover i t  is a well known fact of observatio~l that refraction becomes smaller in  the  
er layers of the atmosphere : still i t  has been customary to  assume the same "mefficient of 

LSj.action" for a ray proceeding horizoutally as for one r e a c h i ~ ~ g  a great height. I f  me talie the  
&io of mean curvature of the earth to that of a horizontal ray of light we arrive at a "coefficient 

of liorizontal refr:iction " which is a consistently defined quantity. The assumption that the ray 
*of circular form may be otherwise stated by saying that the angles of refraction of a ray a t  

two ends are equal. This is tantamount to saying that the  coefficient of refraction a t  both 
ds of a rap is the same. If we consider a ray ascending from say 3,000 feet to 20,000 feet we 
rive at the false conclusion that the coefficient of refraction at  these two widely differeilt 

hts is the same. The assumption accordingly is  not a good one i n  the case of rays which 
e a wide range of height. 

Two methods have been used to  determine the coefficient of refraction. I n  both methods 
effect of plnmb-line deviation has been ignored in  general. 'rhe first is to observe the 

ation of rr point whose height has previously been fouud by spirit-levelli~~g. Prom this the  
angle of elevatiorl can be deduced and the difference of this and the observed elevation when 
ed hy the angle subtended a t  the  earth's centre is the coefficient required. The second 

hod consists in observing the ray from hoth e ~ ~ d s .  If El, E2 are the observed elevations, the  
ction, asmmed equal a t  60th ends, and X the angle a t  the ceiitre of the earth me I C I I O W  that 

-0 + 172-fl 4- x= 0, wlteuce 0 =  + 

+ E2 and the coefficient follows by dividing by X. 
2 

may replace E, and E, by goo-+l and 4,-90' and get = x-+'+$~. We also have the 
2 

lati011 pI rl sin =pZ ( r+h)  sin +2, SO that if the deusitp of the air is known at both stations 
s .not .Ic'eeessary to obse~oe botW a?agZes +, and 4,. Refraction is known to vary largely from 

to  time on the same ray. Accordingly observations a t  the two ends of the ray should be 
e simulta~~eonslp if we are to  deduce the refraction coefficient by assumillg equal refractions 
0th ends. Simulta~leous observations are as a rule difficult to arrange for, and have seldom 

mode in 'practice. I n  cases where they have been, the deduced difference of height, on the 
mption of equal refractions at  both ends of the  ray, by no means always remains the same for 
rmtionv at different times. 

I t  has long been known that rcfraction is usually least during the middle hours of the 
-in India the time of "nliuimum ref 'ractio~~ " is believed to be 1.30-3 p.ar. The important 

re of " minimllm refractiou " is t l ~ a t  its valuc varies from day to day in general very much 
liall the refraction at  any other hour of the day. On this account tlie plan of observing 
rocal tingles on differeric days a t  the time of minimum refraction, in.the hope that tlie 
ctiot~ wo111d then be the same, has come into operation. This plan constituted a very great 

N c e  on the old method of observing vertical ar~gles at  any time of the day. I t  cannot be 
d, Iio\vever, that the results are as pt,ecise as could be misl~ed for. In  deducing the lieigl~t of 
~ n t s  i n  trint~gl~lation the method has had a fair measure ~f success. I n  deducing tlie heights 

Ilacce49il~ie mountains, making use of some asslimed value of the coefficient of refraction, large 
cl.eparicies 11;rve bee11 f o u ~ ~ t l .  'l'his is largely attributable to  the fact that onring to plumb-liue 
ectio~l beiug ueglected, rr wrong coefficieut of refraction has been deduced. 

Even if the original ass~lmptior~ as to the form of the  ray being circular were correct, 
mountain triangulatioii or in cases where large deflections of the plumb-line occur, very 

Digitized by Microsoft 0 



lo2 

large errors may be made in  the determination of the coefficient. The 

is in error ou accou~lt of tlic angles El and Ep being burdencd with the error of plnmb-line deflec- 
tion : and ouly wl~crc  the deflcction a t  b o t l ~  stations is thc same in tlie axin~utli of tliu ray call 8 

correct coefficient he deduced independent of the planlb-line defleetions. I n  the Ilimalapw i~~l ie re  
deflectious of as ruacl~ as ouc minute of are occur the error may be very serious. Tliis is the 
case of the Nojli-~Cussoorec ray, tlie difference of plumb-line deflection along the ray at  the I 
two ends is 30" nrhich occurs as an error in the eom1)ined 1.efrnetions wIlic11 amout~t  to  some 300": 
the error accordingly being 10°/,. I 

6 .  Ihough  has bee11 said to show that the 'ceoefficicnt of rcfraction" mcthod of dealing 
wit11 rcfraction call only be regarded as a malte-shift : that such shonld be the casc is not surprising 
considering tllat tlic method is based or1 an arbitrary :issumption which is iu itself sonienlhat 
contradictory. The present paper is all endeavour to  pat  terrestrial refraction on a more accurate 
and scientific basis: to  find out 011 wl~at  the  refraction dcpends and to  esplain as far as possi1)le 
i ts  variation. TVhilc much worlc renlains to  11e donc on the subject a certain measure of success 
has been obtained. The formul,?: derived in Cliaptcr I shorn that thc refraetiou depcnds very 
largcly on the rabe at  whioll the temperature changcs with Iicight, and with the changc of this 
rate : it idso depends o r  the lieight :~bovc the horizontal plane tlirongli the observing station 
to  which the ray cstends. Thus tllc refraction on a ray of given length diffcrs accordi~ig as 
thc ray is ascending or descending. This is in  aceordance with observation. 

'I'hc only ass~~mptiou madc is that laycrs of cqual density in the air are concentric with the 
(circular) section of the  earth iu  the  azimuth of the ray. This is an  assurnptio~l which has 
always been madc in  investigations of refraction. Exccpt in the  case of rays elosc to disturbing 
matter radiating heat i t  is a natural ; I S S U I T I I ) ~ ~ O U ,  being one condition for thermal equilibrium. 
I t s  g c ~ ~ c r a l  truth is well substantiated by the faet that refraction iu a l~orizoutal planc is in  general 1 
so small as to be scarcely measurable. Esceptions certainly occur ill the case of rays passing vcry 
closc to  heated ground, especially when this ground does not lie symmetrically tvitli respect to the 
vertieal planc tllrougli the ray. Another conditiou of static thcrmal equilibrium of the atmosphere 
is that the temperature gradient sliould be adiabatic. 'Phis is the gradient whiell ~vould obtain if 

I 
sufficient time was allowed without disturbance. I n  aetual fact t l ~ e  diurual change of temperaturc 
does not allow sufficient time, Alost observatio~~s on the fall of temperature of the air hare given 
a less rapid fall of temperature than the adiabatic rate. The rate liowever ean hardly be cscecded, 
exeept mo~nentarily, for convection must bc set up if i t  i s ;  and this adjusts the grndicnt. The adiabatic 
gradient is found then to  give a natural mi~iimllm refraction. 111 Chapter TI the formulae arc 
applied to  the heights of several stations which have beencon~~ected by spirit lcvclling, differences 
of height of geoid and spheroid being allowed for as well as existing plumb-linc dcflection data 
permit. It is found that in spring the refraction found by assuming the adiabatic gradient closcly 
approximates to that observed a t  tile time of "minimum refractio~~". This is uo ta 'o l~  t l ~ c  case 
in observations from a station in  the  plaius up to  thc hills. I n  recoi~ciliug this nit11 olaervations 
made on thc temperature gradicnt, i t  is to  be remarked that such observations are not simultaneous, 
depending as they do on the aseent of a balloon or kite : moreover not many of them have been 
made a t  the time of minimum refraction. Certain Iudian observations hare shown a gradient not 
very different from the adiabatic gradient for unsaturated air. This may be a peculiarity of the 
country or of Indian latitudes. I n  any case me have an explanation, on thermal grounds, of the 
observed fact of minimum refraction. 
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I t  is not hosever proposed that the adiabatic gradient sllould be assumed. Stcps should 
taken to  determine the tempcrature gradicnt in  ally particular case. The tlesirabilitp of this ' 

been brought out by tllc present investigation, but t l ~ e  observations made llcret'ofore arc devoid 
thods are suggested in tile later chapters 

4 
thod depending on observatiolls t o  points P 

means of determining tllc height of certain 
S. I t  is not claimed that this method is as 
gradient: i t  mas adopted because no sncll 

t 
mination was available, in order to ~wocccd with the applicatioll of the formula to great 
~ t s .  I n  this chapter an estimation of the plumb-line deflection a t  Nag Tiba is made, based 

1 
vertical augle observatiorls, giving a meridional deflection of 31f',3. Observations made 
equentlp to the printiug of that chapter give the clcflection as 30'. 5 (see appendis). 

- Chapter I V  gives an interesting empirical relation betmecn temperature and refraction on 
day. Obscrvatious e1sewllel.e are ncecled to show that this relation is iu any scnsc 

al. 'llhe very close agreement howevcr seems to indicate tllat there must be some pllysical 
e gracliellts by means of barometric observa- 

at  two heights folloms, and application is madc to the computation of refraction. The degree 
stated omiug to the uncertainty at  prcscr~t 

and spheroid at  thc two statious undcr 
j 

that the allgles of refraction at the two eads 
expected. The ray in question has the rather 
us of more than five degrees. The result is 
om the ordiuary Laplace formula arc most 

when the observations are made a t  midday, which is in accordance mith refraction tl~eorp. 
I reEraction a t  night by ccrtain relations 

A 
case no obscrvations arc available by mcans of 

tion is made to Bessel's refractious, mith the 
i t  has ally appreciable effect on refraction is 
coefficient of nocturnal refraction is foulld to 

-064. The accuracy mith wl~jch Bessel's formula for refraction represents celestial refraction 

F 
11 hours and in  all countries cannot bc estimated by the author. 

e made in G'hai~venet's A.stronollly, p.133:- 
epond ml~ich uo refraction tablc call bc 

deviations of the rcEraction from thc tabular 
ue at  all zenith distances; and these i r e  most scnsiblc a t  great zeuith distances. 

vations can be lilade a t  zenith clistar~ces lcss 
last limit nrc are justificd by experience in 

cclllacing the greatest reliance in Beusel's table, In an cxtremc case ~vherc an observation is 

"made 5' of the horizon we can compute an approximate value of the refraction by the aid 
sed upon actual observstiolls madc by 

* Sot  given here. 
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0 P.E. CP P.E. 
-I- - & 

0 C U I N 

45 0 ' 2 7  85 0 1.71 

6 0  . 0 '34  30  2 . 0 0  

65 0.37 86 0 2-40  

70 0.46 30 2 . 6 3 ,  

75 0.66 87 0 3 - 8 7  
80 0.92 30  5 - 3 0  

81 1.00 88 0 7 - 7 4  

82 1.11 30 10.58 

83 1-25 89 0 16-84  

84 1 1 .43  30  20.01 

104 

TABLE LIV. 

Differences of this kind mould modify the solution of Chapter V by a cepbi 

6. The formulre and methods developed in  this paper have explain- 

then be directly computed. I f  kite observations of temperature and pressure 
simultaneously, these mould be of great use. 

Observations a t  night to  lamps and stars might also be made a d  the refrilctian also 
computed from the star observations in  the manner iudicatcd in Chapter V. I11 !this way Ire 
should find the relative precision of tlie alternative metlrod. 

Such 01)servations should be co~rtinued throughout the year, as far as practicable. W e  
have distinct evidence of a seasonal clrallge in minimum refraction find some reglllar change 
might pcl.h:lps be brought. to light. Tlre diurrral chalrge appears greater in minter than in spring. 
I t s  variation might be investigated aud the en~pirical relation fouud to cxist inclrapter  IV with 
temperature nriglrt be checked. 

Tlie rays which g o  to greater heights than Nag Tiba (10,000 feet) are burdcned 
certailrty d ~ ~ e  to the fact that no fixed recognisable marlis havc beerr i~~tcrsected.  The sir 
vary in height on account of snow falls etc:  and change of i l lumiuat io~~ may affect t 
of the vertical angles observed. It is desirable that signals should be set up on one or 

* Tsbab  Regiomonlans p. LXIII. 
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T f a  
I the s n m  mountains with which we have beed concerned, at  various heights; and some of these 

) u l d  be placed as'high as possible. I f  signals were p ~ r t  up at  heights 10000, 14000, 18000 feet 
1 (bservations to  these would give valuable information concerning the variation in height due to  

&how-fall aud the secular change i n  height of the mountains as a whole. One of the objects of 
f i r .  Shaw's observations was to deteru:ine whether the Himalayas are gradually rising. 

7. Very many anomalies have heen, and are often, found to occur in the case of rays which 
pass close along the ground or water. The formula of Chapter I may account for many of these, 
if the temperature-height Inw is determined. I n  this case we' might find the law by actually 
observing temperatures a t  several heights above the ground level. Table X I I A  of Chapter I1 

s that the first fifty feet above ground level have a considerable d i s tu rb i~~g  effect on the 
ctioa, and probably the irregularities due to the higher portion of the atmosphere are not very 

eat. The Nojli-Mussooree ray, however, is not close to the ground, except at  its start:  and we 
ve sometimes to dear with rays which never get far above the ground. I have recently made a 
h t  mast 150 feet high, which can easily be erected or taken down, with the ohject of attaching 

some apparatus for the measurement of tetnperatr~re at  several heights, and so being able to 
Ute the refraction. A suitable apparatus has just been desig~ied by Mr. R. W. Paul in  

aboration with the  National Physical Laboratory through the courtesy of Dr. R. T. Glazebrook, 
, F.1L.S. The masts have the advantage of affording excellent signals fol: intersecting and 
in  increasing the height of the ray above the ground and so partially avoiding the highly 

urbed air close to the ground. A description of the mast and the means of erecting i t  will 
L 

rtly be issued i n  another paper of this series. 

I n  the cAse of a ray passing over country of a uniform character (as regards radiating 
r) it is anticipated that the formula will be satisfactory. Over country of a less uniform 
cter, equally good results cannot he expected: but the degree of precision in either case can 
b e  found by trial. General Wallrer made numerous observations for refraction between some 

s in the Punjab, which are described in ~ ~ ~ e h d i x  3 of Professional Volume I1 of the 
of Iudia. Refractions of very widely varying am'ounts were found, the highest deduced 
nt  of refraction being -t- 1.21 occirring between 6 and 8 A . M .  and the lowest - 6 .09  between 
d 3 P.M. The phenomenon of a coefficient of refraction being greater than one-half causes 

urfzce of the earth to  appear concave instead of convex and General Walker describes other 
ioua effects. These abnormal results may perhaps be largely capable of expla~at ion by the 

ula of Chapter I :  at least i t  is of interest for similar observations to be made in the light of 

! 8. The same method might have l~seful application in the case of observations for precise 
evelling across the wide Indian rivers, provided the rays are kept at  a sufficient height above the 

ter. A crossiltg has recently been made at  Goalnndo over the Ganges by Captain V. R. 
%tter, I. A ., of which some particulars are now given. I k  

Goalundo is a few miles below the jutiction of the Ganges with the Urahmaputra, and 
the actual ol)servations mere made about three miles below this junction. Pillars were set up on 
both banks of the Ganges in each case somc ten yards from the bank, the distance between the 
pillars being 1.365 miles, and simultaneous observations of vertical angles were made with two 
twelve-inch theodolites. As far i s  could be seen the conditions a t  both ends wcre the same, 
though the mean of observations, reduced in the usual may, actually showed the pillar on one 
side to  be higher by 2.366 feet than that on the other side. The tlieodolites'in each case were 
about 4.8 feet higher than the signals so that the reciprocal rays mere not absolutely identical : 
they passed a t  a mean height of some ten feet above the water. 
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If we assume the mean of all the very numerous observations to give the correct differ- 
ence of level, namely 2.3660 feet, we can deduce the appropriate dips of the two straight 
lines joining the theodolites and signals, obtaining the angles 1' 46".26 and 3' 58".00, the I 



TABLE LVI. 

I 

This table shows how at A the refraction reached a maximum between hours 12 and 1. I t  also 
shows that the variation in refractiou mas smaller at B than at A. The conclusion to be derived 
from this, as might be foreseen from thermal consideratious, is that it is advantageous to raise the 
height of the instruments aud signals, so as to reach higher and less disturbed layers of air. 
The temperature of the air is naturally disturbed near to the water. Table LVI  shows a decrease 
of variation in coefficient of refraction from .058 to .037 due to a rise of 2.4 fect only. I t  is to  
be presumed that much greater steadiness in refraction mould have been obtained at a mean 
height of 20 feet instead of 10 feet above the water. 

No. of 

10 and 11 

11 ,, 12 

12 ,, I 

1 ,, 3 16 

Variatiou . . . ... 

The figures given in table L V  may be explained in more mays than one, though the true 
explanation may be due to a combination of- the causes suggested. When the observations 
mere in progress i t  was thought that the reciprocal rays mere symmetrical with regard to the 
river, and that the refraction at the two ends would be the same. That this mas not strictly the 
case is shown by the figures of table LV. At the end of Chapter I i t  is shown how largely 
temperature gradient affects refraction. I n  the present case we have the confluence of two rivers. 
The temperatures of the water of each cannot be expectcd to agree absolutely. Nor can i t  be 

I expected that these waters will mix properly within a distance only about twice the width of the 
united river, Accordingly i t  is highly probable that one side of the river is distinctly cooler 
than the other, and this mill affect the temperature of the lower layers of the air differently on 
the two sides. I t  is not, however, necessary to assume that this actually occurred, although i t  
appears highly probable that it did. The discrepancy may be due to difference in height of 
the two stations. The signal at B mas 3.713 feet below the horizontal plane through instru- 
ment at A :  and the signal at A was 8.316 feet below the horizontal plane through the instrument 
at  B. If we assume the barometric pressure to have been 29".5 and the absolute temperature 
r = 521' me find from (63) that 
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Refraction at Coefficient of refraction st 

n 
10.63 

1 1  -88 

o. 150 

' 167 

.208 

- 206 

// 

11'33 

14-01 

0- 160 

' 197 

. I ~ I  

' 178  14'67 

4'13 

I 2-61 

2.68 



As an example, let us consider the case, between hours 1 and 3, given in table LVI.  I n  the 
notation of Chapter I1 4 20, me have at once 

The theodolite at B mas 2.36 feet higher above sea-level than that at  A. 

Solving these equations, malring use of (81) and (83) and assumiug as is subsequently 
justified that u can be neglected in comparison with 6, me find the folloming values:- 

Equation (170) indicates a very rapid variation in temperature gradient with height: and 
temperature increasing with height at both A ancl H ;  at B very much less than that at  A. 

From (170) me have at once in notation of Chapters I, 11. 

whence 

Also 

and 

- - -0263 - .0179 
- - -0084 ' 

if we put h = 2.36; i, T being the temperatures a t  B and A respectively.* 

This indicates how extremely small are the temperaturc differences necessary to account 
for the refractions, amounting in  this case to less than OO.O1 between the statiolls A and B. 
I t  is of course the temperature gradients which are important. 

These results are of type which may well be expected to hold in the case of the layers of 
the atmosphere close to the grouud. As is shown the temperature gradient is rapidly changint; 
between A and B and no doubt i t  approximates to a normal value at a somewhat greater height. 

It is a t  the same time recognised that perfect thermal symmetry cannot be expected in 
the case under discussion, so that the figures found above are only regarded as indicating the 
nature of the causes of the observed refractiotis, which at first sight appeared extraordinary. 
The remedy in such a case lies not in attempting to measure the temperature gradient and its 
variation, but in building higher pillars and so observing through less disturbed layers of air. 
For this purpose perhaps a height of 20 feet might prove suficieut. A few observations made at 
several heights i n  such a case mould decide how high it  is desirable to go. 
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d ~ u b t  the observations would have s M n  smaller irregularities had & rays been at  a 
B r  height above the water than they were. In fact it is certainly a safe rule to always 

e fer h e  ray to be as high as possible above the earth's (or water's) surface, when vertical 
brg. o b e d .  

9. Lieut. F. J. M. King, R.E., obtained some curious irregularities when observing vertical 
in Burma i l l  191 1. 

The work being carried on was principal triangulation (Great Salween Series). The 
wvations agreed with observations of the previous year in the case of those staticms 
d been pl.eviouslp obser<ed to. Between the 13th and 18th of December there was alarge 

ge in the vertical angles which subsequently showed a tendency to return to the early 
. The early values, however, were not reached. The figures are now given. 

TABLE LVII. 

Observations taken at  Loi Lung Hil l  Station, heigit 7631.3 feet. 
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- I Zenith distance and temperature 

Loi Pemong 

... 

90. 25' I 22" 

57O-0 

90' 25' I I 7n 
56O.3 

... 

go0 :5' 51" 
58 -0 

90' y' 72" 
68 -0  

%maO 

38.124 

Observed. 

.\ 
, , l l t h  k c .  1911 .... 

... L,l"h ,, ,, 

... 13th ,, ,, 

... 18th ,, ,, 

... 19th ,, ,, 

'20* ,, ,, i' ' 

... ' m t b f  e n  

Distance in miles 
I from Loi Lung ... 

Loi Wwn ~c 

90" 33' 97/' 
54 '0 

... 

go0 33' 96" 
51°'0 

90' 33' 22" 

58O.4 

go0 93' 41" 
65'-o 

90' 33' 76" 
79O.0 

6522.6 

33'137 

Loi Paning 

... 

... 

91° or 49I' 
53O-4 

, ... 

r0 o' I 8" 
70°-o 

9 l o  0' 24" 
70°*o 

5709'7 

24.506 

Loi Cheng 

... 

90' 32' 1 0 4 ~  
57O.o 

1 - 
... 

go0 32' 19" 
55 '0 

90' 32' 25" 
78O.o 

go0 32' 44'' 
75O.o 

6525'6 

50-885 



The barometric height (mean of two aneroids) varied between 22.39 and 22.61 inches. 
The observations mere all made hetween 1 and 3 P. M. 

I t  is clear that the changes in refraction are far larger than can be accounted for by the 
temperature and pressure changes observed at Loi Lung. On the other hand there appears t o  
have been a sudden change of temperature after the 18th of December, which indicates a distur- 
bance of the atmospheric conditions. 

I t  is not possible now to account for these irregularities quantitativelp, but perhaps suitable 
temperature gradient meas~~rements might enable future observations of a similar character to be 
explained. I n  such a case simultaneous temperature measurcrnents at scveral heights down the 
mountain side might give the temperature law, if suitable precautions against radiation etc., 
were taken. 

10. Several writcrs have po i~~ ted  out a difference between the refraction over water and over 
land. Colonel Clarke (see p. 560 Ordnance Survey, Account of Principal Triangulation, 1858) 
obtained mean values of .0809 and -0750 respectively for these two cases. Sir Henry James, 
in the introduction to  the same volnme, said :- 

"The great amount of rehaction in the morning, its diminution towards the middle of the 
"day and increase again towards evening is obvio~lsly caused by the grcnter amount of aqueous 
"vapour in the lower portion of the atmosphere in  the morning and evening as compared with 
"the a m o u ~ ~ t  in the middle of the day". Both these features may be accounted for by thc 
temperature gradieut, which is intimately related to the humidity gradient, as can be seen by 
glancing at auy charts showing these two quantities plotted against heigl~t. 

11. I t  was snpposed early in the 19th century that the ~-efl*action at sea had an intimate 
connection with the difference of temperatures of the air and water. Lieut. ltaper (see p. 61, 
Practice of Navigation, tenth edition, 1870)) stated :- 

"When the sea is warmer than the air the horizon appears below its mean place, or that at  
"which it  appears when the air and water are at the same temperature, or the apparent dip is 
r'too small; when the sea is colder t l ~ a n  the air the horizon appea.rs above its mean place or the 
"apparent dip is too great ". 

If we consider the air in contact with the water as having the same temperature as the 
water, and that "the temperature of air" refers to  air at  the height of the sextant, this 
statement can be put in terms of temperature gradient: and is supported qualitatively by the 
formulae a t  the beginning of this chapter. I n  this connection see Ciiazlvenet's Astronomy, p. 175 
where the following statement occurs: "We may however assume the temperature of the 
water to be that of the lowest stratum of the air . . . . while T denotes the temperature of the 
air a t  the height of the eye". 

Lieut. Raper goes on to  say i n  a footnote "Admiral W. F. W. Oven informs me that he 
"found on one occasion, in observing a star's altitude a change of 4' in the place of the sea 
"horizon, in the tropics soon after sunset. Mr. Fisher observed 'a variation in the place of the 
frhorizon of 18' in the arctic region. I n  summer the ice horizon mas elevated* not depressed : 
"in the winter i t  was depressed several minutes.-Appendix to Captain Parry's Voyage in  1621-23 

* This is equivalent to General Walker's statement that the earth appeared concave when the coefficient of refraction 
is ereater t.han one-half. I think the term horizon in this case has no atrict meanine. With the rav of lieht of ereater 

# - - "  - -  " - -  - - -  
cuFvature than that of the eart.h it would be possible to see all round the earth where &ere were 
were it not for absorption of light. This limitation would not give u sharp horizon. 
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<'p. 187. These observations, however, do not all follow the rule above. A table for correcting 
"the   lace of the sea horizon for the difference of temperature of the sea and the air according 
"to the height of the eye, mould be useful : but there are scarcely any data for the construction 
"of such a table, and the theory itself appears not to  be complete". 

Captain W. R. 'RIartin, R.N. in his article on Navigation in Encyclopzdia Britannica, 
tenth edition, Vol. XXXI, page 110 d writes as follows :- 

c c  The effect of refraction in  displacing the apparent sea horizon -vas partially investigated 
at was that i t  mainly depended 

t of the stratum of air resting on 
on was apparently depressed and observed altitudes 

too great, and vice cersd, differences of 3' to 4' being found mhere these temperatures 
oughly reinvestigated, and the original conclusion 
speriments referred to  mere carried out in 1899 

the Austrian Navy in the Red Sea and at Pola, the requisite observations being made 
roughout the day with an alt-azimuth instrument from shore stations at elevations of 

33, 52 and 138 feet respectively, the sea surface and air temperatures being simultaneously 
of over 1,000 observations 
of 6OF. in sea and air 

peratures, a displacement of 14' mas observed which increased to 2%' when the difference 
2 O  F. occurred in the temperatures. Such results wcre only found to be true when a wind 

nds of less force the warm air can apparerltly 
the lower cooler air, and abnormal results follow, 
4'. When navigating the Red Sea or localities 
, mhere very great differences of sea and air 

be made for this source of error, and the 
his may affect his estimation with rcgard to  

The statement that these results are only true when a wind of force 2 or 3 is blowing seems 
owever, from the elipression "temperature . . . 

e stratum of air resting on it" that perhaps the variation of air temperature with height mas 
which affect the problem are the temperature 

he crests of the waves: and the difference of 
cerned. Mcasured in this way 
n's statement would probably 

given in table L I I I .  Some 

12. In triangulating in big mountain ranges such as the Himalayas, i t  is very desirable 
that observatiorls for latitude and azimuth be made at all, or most of, the stations. These obser- 
vuions are required to enable the plumb-line deflections to be found and need not be precise to  
mwe than 1 01.2 seconds. Without this information i t  is not possible to deal properly with tile 

ose deflections may be deduced from the vertical 
gles tllemselves provided the necessary temperature gradient measurements are made, by means 
which tile refraction can be computetl: but in  the first instance, until the success of this method 
3 been established, i t  is desirable that both observations he ~erfornled.  
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Deflection 
Sbtion Number Longitudo Latitude I l i  

Lntitude 

N 0 1 /I /I 

I11 7& i 7.39 30 21. 46.61 41.04 

I V  78 4 30.87 30 22 8.93 42.15 

V 78 5 21-38 30 22 51-83 44.37 

V I  78 6 2-00 30 23 30.79 45.89 

V l  I1 78 5 35'94 30 24 37'72 53-17 

IS 78 5 21-53 30 25 ~0.05 52-50 

Xag Tiba 
Lat. Station 78 9 9.90 30 35 11-57 30'52 

I 

AY P E N D I X .  

Some recent Latitude determinations. 

I n  Chapter I1 QQ 10, 11 i t  was pointed out that a discrepancy of 1.9 feet occilrs i n  the 
h t  of l~ussooree'abore Dellra as determined by vertical angles and by spirit-levelling, thc 

I 
.I 

ing allowed for as well as deflection of plumb-line 
allowed. This discrepancy was then wholly attributed to  failure to compute the height of 

I. deflectiolls of the plumb-line between Dehra, 
simple interpolation were expected to occur. I n  
simnltnneous temperature and pressure readings 
ssibly only n portion of the discrepancy is to be 
utable to the refraction in the vertical angles 
d 11nve occurred was inevital~le, as no simulta- 
nds of the ray, at  tlie time the vertical :tnglcs 
that the discrepancy 1s due to the rise of the 
modification to the extent that perhaps only 

To test this theory, latitude has since been obserrcd a t  a number of stations between Dehra 
Iussooree. I t  is wort l~y of note that this has I-esulted in two stations being found a t  which 

deflection in latitude is greater than has ever been observed before elsewhere. 

The res~ilts are given in tabular form : stations 111 to V I  are between Dehra and Rajpur: 
ions V I I I  slid 1X betmceu ltajpur and hlussooree. The obscrvntions were made by Lieuts. 

rnond and McKay, R.E., of the  Survey of India. 
- - 
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The defleetions a t  I11 and VI are very closcly t l ~ c  same as are obtainable by Iiuear intcr- 
polation hetmcen the old observed values a t  Dehra and ltajpur. Those a t  V l I I  a i d  I S  far exceed 

T 
the valnes found I)y interpolation between the 1tajp11r aud ?tIl~ssooree deflcctio~~ (.see table V). 
They go some way to cxp1:iin the discrepancy oE 1.0 feet referred to above. Further data as 
regards tlie deflection of plumb-line in longitude, howcvcr, are still required before the rise of 
the geoid above the spheroid can be cvalunted wit11 sufficient precision. A t  present we 
have the deflection iu l o n g i t ~ ~ d c  only a t  Dc l~ra  and blnssoorec, and the defleetions a t  intermediate 
points can only I)e arrived at  by guessing. I t  is hol)cd that l~cf'ore long azimuth observations may 
be made at  the two or.thrce intermediate points bct~vccn Dehra and Mussoorcc. 

I I I 

Even yet i t  is liltely that the point of masimum deflection in  latitude between Ra j l~ur  and 1 
Mussoorcc has not been found, sinee stations V I l I  aud I S  show practically equal dcfleetions. 
They may of course be on the ridge of maximum deflection. 

The observation a t  Nag Tiba well upl~olds the value of the deflection derived from vertiea 
angle obscrvations in Q 24, Chapter 11. The disercpancy is only O W . 8  and it was pointed out that a 1 error of 1" in any of tllc vertical angles woul'd give rise to an error of 1". 8 in the deduced dcflcction 
Tllc case mas not a straightforward one; so that the elose agreen~c l~ t  of the deduction with-th 
result subsequently obscrved must bc regarded as eltidenee that the  refraction on the r a y s  
concerned has been satisfactorily computed. 

I 
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C h a r t  I is in t h e  pocket  a t  t h e  e n d  of t h e  volume. 

CHART I1 

Duirrral Change of Refraction. 

Grnpl~ical representation of table XL. Ordinates represent observed angles of elevation of BIussooree 
from Nojli. The axes from which tbese arc measured differ for the several seasons and pears; but the heigbt 
corresponding to E. - lo 8' = 100" is indicated in each case by a short horizontnl cross line. Tbe points am 

. indiorted by small circles and are joined up by straight lines in the order 8, 10, 12 and 14 hours. 

Attention is drawn to the approximate straightness of tho lines and their tendency to be parallel to 
a c b  other. ,- n F  - 

r, 
- 7 . " - r 

. - , ,T,fv r 
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CHART 111 
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C I I A R T  111. 

DLbimat C-e of Refraction. 

Gnphieol representation of table XLI. Ordinater, reprwnt  observed mglea of elevation of 
P.s&r)ach f r m  Nojli. Thc rxesfrom which these are mersured differ for the several seasons and years : but 
the h&@t oorrerponding to E, - 1' 44' = 60" is indicated in each case bp o short horizontal cross liw. The 
p&dsawi~&& by small circlm m d  are joined up by straight lines in the order 8, 10, 12  and 14 hours. 

The l iws n e  nearly rtrright e x a p t  in the crae of March 1900 : and sre approximately parallel. Tlie 
.dopa of thsse liasr, however, m Irs th 
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